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The fundamental problem of visual communication is that of producing the best
possible picture at the lowest data rate. We address this problem by extending in-
formation theory to the assessment of the visual communication channel as a whole,
from image gathering to display. The extension unites two disciplines, the electro-
optical design of image gathering and display devices and the digital processing for
image coding and restoration. The mathematical development leads to several intu-
itively attractive figures of merit for assessing the visual communication channel as
a function of the critical limiting factors that constrain its performance. Multires-
olution decomposition is included in the mathematical development to optimally
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combine the economical encoding of the transmitted signal with image gathering
and restoration.

Quantitative and qualitative assessments demonstrate that a visual communica-
tion channel ordinarily can be expected to produce the best possible picture at the
lowest data rate only if the image-gathering device produces the maximum-realizable
information rate and the image-restoration algorithm properly accounts for the crit-
ical limiting factors that constrain the visual communication. These assessments
encompass (a) the electro-optical design of the image-gathering device in terms of
the trade-off between blurring and aliasing in the presence of photodetector and
quantization noises, (b) the compression of data transmission by redundancy reduc-
tion, (c) the robustness of the image restoration to uncertainties in the statistical
properties of the captured radiance field, and (d) the enhancement of particular fea-
tures or, more generally, of the visual quality of the observed image. The ‘best visual
quality’ in this context normally implies a compromise among maximum-realizable
fidelity, sharpness, and clarity which depends on the characteristics of the scene and
the purpose of the visual communication (e.g. diagnosis versus entertainment).

1. Introduction

The fundamental problem of communication, as Shannon (1948) and Shannon &
Weaver (1964) stated it, is that of reproducing at one point either exactly or approx-
imately a message selected at another point. In the classical model of communication
(figure 1), the information source selects a desired message out of a set of possible
messages. The transmitter changes this message into the signal that is actually sent
over the communication channel to the receiver. The receiver changes this signal back
into a message, and hands this message to the destination. Ordinarily, the signal is
perturbed by noise during transmission or at one of the terminals. Consequently, the
received signal is not necessarily the same as that sent out by the transmitter.

In visual communication, in the guise of telephotography or television, for example,
it seems reasonable to start with the spatially varying radiance field that is either
reflected or emitted by a scene. Then the source of the message is that particular
patch of the radiance field that resides within the field of view of the image-gathering
device, and the destination of the message is the observed image that the image-
display device reconstructs from the received signal. Consequently, the transmitter
becomes the image-gathering device that transforms the captured radiance field (i.e.
the selected message) into the signal that is transmitted, and the receiver becomes
the image-display device that transforms the received signal into an image (i.e. the
observed message).

Visual communication is now increasingly carried out with digital image pro-
cessing. As figure 2 depicts, image gathering is combined with digital encoding to
compress data transmission, and image display is combined with digital restora-
tion to enhance image quality. Consequently, visual communication can be described
in terms of the following three major processes: the image-gathering process that
transforms the captured radiance field into an economically encoded signal, the data-
transmission process that conveys this signal to the image-restoration system, and
the image-restoration process that transforms the received signal into an enhanced
image. This paper deals only with the input and output transformations. It does not
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information source input terminal output terminal destination
»{ transmitter receiver —>
message message

noise source

Figure 1. Classical model of communication channel (Shannon 1948; Shannon & Weaver 1964).

information image-gathering image-restoration
source system system destination
scene > 1m?1ge gatheru}g ____»: - — > s.1gnal decodmg & »| observer
radiance| & signal encoding | encoded K received | 1MAage restoration | restored
field signal , signal image

A A

spatial frequency | .  transmission . .
K : . ' reconstruction
response, sampling | bandwidth ' .
. ' . ' noise
passband & noise | & noise '

Figure 2. Model of visual communication channel together with the critical limiting factors
that constrain its performance.

include the effects of perturbations in the data-transmission process, which is the
traditional subject of communication theory.

In most applications, which range from telescope to microscope, the resolution
of the image-gathering device is coarser than the finest detail in the scene, so that
the spatial frequency spectrum of the radiance field extends beyond the sampling
passband of the image-gathering device. Normally, therefore, the task of visual com-
munication becomes that of reproducing an image of the scene for just that por-
tion of the radiance-field spectrum that is contained within the sampling passband.
Moreover, the image-gathering device inevitably perturbs this within-passband com-
ponent when it transforms the captured radiance field into a digital signal. These
factors inexorably bar the encoder from direct access to the scene (i.e. the original
source). This precludes the application of information theory directly to the scene for
the analysis of data compression and rate distortion. The effects of image gathering
must be included for this analysis to correlate with actual performance.

Image gathering and reconstruction are performed by electro-optical devices. As
figure 3 suggests, these devices constrain the performance of the visual communi-
cation channel by the following critical limiting factors: (a) the spatial frequency
response of the optical (objective lens and photodetector) apertures, (b) the sam-
pling passband of the photodetection mechanism, and (¢) the photodetector, quan-
tization, and reconstruction noises. For optical apertures, unlike electronic filters,
the spatial frequency response (to the incoherent radiance field) cannot approximate
an ideal bandpass response, i.e. a response that is unity within a finite bandwidth
and zero outside. Instead, the spatial frequency response of optical apertures de-
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Figure 3. Critical constraints. The image-gathering process is inevitably constrained by the
trade-off between blurring and aliasing in the presence of noise.

creases smoothly with increasing frequency and may even exhibit some oscillation at
its final decay. Therefore, the electro-optical design of the image-gathering device is
inevitably confronted by a trade-off between the blurring that is due to the spatial
frequency response of the optical apertures and the aliasing that is due to the in-
sufficient sampling by the photodetection mechanism. Aliasing can be substantially
decreased only at the cost of increasing blurring and vice versa. Similarly, the de-
sign of the image-display device is confronted by a trade-off between blurring and
raster effects. However, if the image reproduction is carried out with the aid of digital
processing, then interpolation can be used to overcome this constraint. The critical
constraint that remains then is the reconstruction noise (e.g. film granularity).

The critical limiting factors that constrain image gathering and reconstruction
have long been of concern in the design of telephotography and television systems.
As early as 1934, Mertz & Gray (1934) studied the trade-offs between blurring and
aliasing in image gathering and between blurring and raster effects in image re-
construction. Subsequently, among many others who have studied these problems,
Schade (1951, 1952, 1953, 1955) and Schreiber (1993) presented particularly com-
prehensive evaluations of electronic imaging systems. However, the focus of these
studies remained on image gathering and reconstruction without the aid of digital
processing. Meanwhile, most researchers involved in image coding and restoration
have consistently neglected to adequately account for these input and output con-
straints. In the prevailing digital image processing literature (Andrews & Hunt 1977;
Pratt 1978; Huang 1979; Rosenfeld & Kak 1982; Gonzalez & Wintz 1987; Jain 1989),
the constraints of image gathering are still incompletely modelled solely by blurring
plus noise, while the constraints of image reconstruction are entirely ignored.

So far, then, the major obstacle to a definitive analysis of visual communication
has been that the electro-optical design of image gathering and display devices and
the digital processing for image coding and restoration have remained independent
disciplines that follow distinctly separate traditions. Yet without an adequate theory
that embraces these two disciplines, one cannot effectively optimize visual communi-
cation. As Gabor put it succinctly, ‘experiments unguided by theory do not appear
very promising’ (Gabor 1946).

The aim of this paper, therefore, is to extend information theory to the assessment
of the visual communication channel as a whole by rigorously uniting electro-optical
design with digital image processing. This channel can be regarded to be of high
quality only if the information rate from the scene to the observer approaches the
maximum possible and the required data rate approaches the minimum possible.

Phil. Trans. R. Soc. Lond. A (1996)
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Clearly, the goal to produce ‘the best possible picture at the lowest data rate’ can
be attained only by jointly optimizing image gathering, coding, and restoration.

The mathematical development is based on the two classical works that are the
foundation of modern communication theory. Shannon (1948) and Shannon & Weaver
(1964) introduced the concept of the rate of transmission of information in a noisy
channel, and Wiener (1949) introduced the concept of the minimum mean-square
error restoration of signals corrupted by noise. By including the constraints of im-
age gathering and display into these familiar concepts, we can quantitatively assess
visual communication in terms of the following six figures of merit:

1. The rate of transmission of information, or information rate, H that the image-
gathering system produces for the radiance field that resides within its field of view.

2. The theoretical minimum data rate &, i.e. the entropy of completely decorre-
lated data, which is associated with the information rate H.

3. The information efficiency H/E of the completely decorrelated data.

4. The maximum-realizable fidelity F of the digital image that can be restored
from the received information, unconstrained by the image-display medium.

5. The information rate H, of the observed image that the image-restoration sys-
tem produces from the received information on an image-display medium.

6. The maximum-realizable fidelity F, of the observed image, with information
rate H,, that can be restored in continuous form on an image-display medium.

The first four criteria account for the perturbations that occur when the image-
gathering system transforms the continuous radiance field into the digitally encoded
signal that is transmitted. The last two criteria include the perturbations that oc-
cur when the image-display device transforms the digitally restored image into the
continuous observed image. The latter help to (a) correlate quantitative assessments
with perceptual performance and (b) match the design of the image gathering and
restoration systems with each other. For example, the constraints on the complexity
and cost of image restoration are obviously more severe in commercial television than
in medical diagnosis and military or planetary reconnaissance.

This paper builds on several earlier papers (Huck et al. 1985, 1988, 1993, 1994;
McCormick et al. 1989; Fales & Huck 1991) that deal with the application of in-
formation theory to the assessment of visual communication. However, it does not
merely assimilate results from these papers, but, instead, it presents a new, more
complete and cohesive development. This includes (a) the derivation of information
rate and entropy directly from conditional probability, (b) the examination of insuf-
ficient sampling and quantization in terms of information theory, (¢) the effects of
the image-display constraints on the transformation of the digitally restored image
to the continuous observed image, and (d) the integration of wavelet decomposition
with image gathering and restoration.

Section 2 presents the mathematical model of image gathering and reproduction.
For the image reproduction, it clearly distinguishes between reconstruction, which is
carried out without digital processing, and restoration, which is carried out with dig-
ital processing. Whereas the image reconstruction is only concerned with producing
a continuous representation of the discrete output of the image-gathering device, the
image restoration is concerned with producing a representation of the input to this
device. The restoration is implemented with a Wiener filter that uses an interpola-
tion lattice to suppress the blurring and raster effects of the image-reconstruction
process and, thus, produces images with the absolutely maximum-realizable fidelity
F, for any particular scene and image-gathering system. This interpolation also sim-
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plifies the task of correlating quantitative assessments with perceptual performance,
for then the visual quality is distorted by fewer and, hence, more tractable pertur-
bations.

Section 3, the central part of this paper, presents the mathematical development
that applies information theory to the assessment of visual communication. The
development starts with conditional probability to formulate H, £, and H,. It then
ties the information rate to the Wiener filter presented in §2 to express F and F,
as functions of the spectral distribution of H. Together, these relationships form the
desired mathematical basis for assessing the performance of the visual communication
channel as a function of its critical constraints.

Section 4 includes multiresolution decomposition into the mathematical develop-
ment. This technique facilitates signal analysis at a hierarchy of scales by decom-
posing the acquired signal into components that are localized in space and spatial
frequency. It has become for this reason an attractive tool for economically encod-
ing signals in a wide range of applications, notably in compressing data transmis-
sion bandwidth in visual communication channels. Of the numerous decomposition
schemes that have been developed recently, we use the familiar wavelet transform as
a specific example for integrating signal analysis and synthesis with image gathering
and restoration. This integration is required to maximize the information rate and
efficiency of the transmitted wavelet coefficients and the fidelity and visual quality
of the restored image.

Finally, §5 characterizes the upper bounds of performance of visual communica-
tion channels in terms of the above figures of merit and correlates these quantitative
assessments with experimental results. These results are produced by combining
computer simulations of the image-gathering process with the digital-processing al-
gorithms for image coding and restoration. These simulations enable us to generate
random targets with easily prescribed statistical properties and to characterize a
wide range of electro-optical designs in terms of spatial frequency response, sam-
pling passband, and signal-to-noise ratio.

Four appendices are added for details that, although important in the mathemat-
ical development, would obscure the main thread of the presentation. Appendix A
relates the mathematical model of the image-gathering device to its electro-optical
design parameters. Appendices B and C examine the treatment of insufficient sam-
pling and quantization, respectively, in terms of information theory. And Appendix D
extends the formulations of H, and F, to image restorations for which the blurring
and raster effects of the image-reconstruction process cannot be entirely suppressed
with fine digital interpolation. This constraint, for example, becomes an important
factor in the design of (digital) high-definition television (HDTV), in which a buffer
will be added to the receiver to decode and process the received signal.

2. Image gathering and reproduction

This section presents (a) the mathematical model of image gathering and recon-
struction, (b) the constraints that these input and output transformations impose on
visual communication, (c¢) the assumptions that are made to permit the use of lin-
ear system analysis, (d) the Wiener filter that restores the image with the minimum
mean-square restoration error (MSRE), and (e) an interactive enhancement filter that,
when combined with the Wiener filter, can be used to adjust the visual quality of the

Phil. Trans. R. Soc. Lond. A (1996)
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image gathering image reconstruction
radiance I n,(x) discrete digital observed
field signal signal image
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to-discrete to-digital to-continuous
transformation transformation transformation

Figure 4. Model of image gathering and reconstruction.

restored image. This material is largely taken from our companion paper (Fales et
al. 1996), which deals with digital image restoration in far greater detail. However,
we include two factors that that paper did not account for, namely, the quantization
noise due to the analogue-to-digital transformation and the reconstruction noise due
to the image-display medium.

(a) Image gathering
Figure 4 depicts a model of image gathering and reconstruction. The image-
gathering process transforms the continuous radiance field L(z,y) into the digital
signal s(z,y; k), as defined by

s(zy;m) = [KL(z,9) * (@ )] | + no(@,9) + nal@,vix),  (210)

where K is the steady-state gain of the linear radiance-to-signal transformation (Ap-
pendix A), 7(z,y) is the spatial response of the image-gathering device, and n,(z, y)
and nq(z,y; k) are the additive, discrete photodetector and quantization noises, re-
spectively. The symbol * denotes convolution, and the function

= llli(z,y) = Zém—my—n)

denotes the square sampling lattice with unit intervals. The analogue-to-digital trans-
formation is done for x levels with 7-bit quantization, where 77 = log x and log denotes
logarithm to base 2. The Fourier transform of equation (2.1a) is

3(v,wik) = [KL(,w)(0,w)] * [l +p(v,0) + g(v,055),  (210)
where L(v,w) is the continuous radiance-field transform, 7(v,w) is the spatial fre-
quency response (SFR) of the image-gathering device, 7, (v,w) and 7y (v, w; k) are the
discrete noise transforms, and (v,w) are the spatial frequencies with units of cycles
per sample. The tilde ‘7’ is used instead of the caret ‘*’ to emphasize that the

transformed function is periodic in the spatial frequency domain. The function ||| is
the Fourier transform of the sampling lattice, as given by o

m; |[[(v,w) = Zév—mw—n)
=6(v,w> + lls (v, w),
|

where §(v,w) is the Dirac delta function and |||s = “ (v,w) accounts for the sam-

pling sidebands. The associated sampling passband

' B = [(v,w);]v] < 5, lw| < 3]

Phil. Trans. R. Soc. Lond. A (1996)
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has unit area, i.e. |B| = 1. Thus equation (2.1b) also can be written in the form
5(v,w; k) = KL(v,w)7(v,w) + fta (v, w) + 7ip (0, w) + g (v, w; K), (2.1¢)
where L(v,w)#(v,w) is the blurred component of the digital signal and
Mo (U, w) = [Kﬁ(v,w)%(v,w)] * ms

are the aliased signal components that insufficient sampling folds into the sampling
passband.

Mertz & Gray (1934) observed over 60 years ago that ‘the complete process of
transmission (in telephotography and television) may be divided into two parts, (a)
the reproduction of the original picture with a blurring similar to that caused in
general by an optical system of only finite perfection, and (b) the superposition on it
of an extraneous pattern not present in the original, but which is a function of both
the original and the scanning system.’ Since then, Schade (1951, 1952, 1953, 1955)
and Schreiber (1993), among many others, have studied this problem in considerable
detail for electronic imaging systems. However, these studies have not included digital
processing for image restoration.

The prevailing digital image processing literature (Andrews & Hunt 1977; Pratt
1978; Huang 1979; Rosenfeld & Kak 1982; Gonzalez & Wintz 1987; Jain 1989) largely
ignores this ‘extraneous pattern’, or aliasing, and deals only with the blurring and
the noise. This neglect arises directly from the fundamental difference between the
model of image gathering given by equations (2.1) and the model found in the general
literature. In this literature, the continuous variables (x, y) become discrete variables
and the continuous convolution * becomes the discrete convolution, so that (with-
out distinguishing between photodetector and quantization noises), equation (2.1 a)
becomes s(z,y) = L(x,y) * 7(z,y) + n(z,y). Clearly, this simplistic transition from
continuous to discrete formulation misses the problem of insufficient sampling that
confronts the physical continuous-to-discrete transformation in the image-gathering
process, as Appendix B further delineates.

To assess visual communication in terms of information theory, the image-gathering
process is constrained to be linear and isoplanatic (spatially invariant), and the
radiance-field and noise amplitudes are constrained to be Gaussian, wide-sense sta-
tionary, and statistically independent. In addition to these constraints, we make the
following assumptions:

1. The radiance field L(z,y) is effectively confined to some isoplanatism patch A
centred at # = y = 0. Because it is the variation of L(z,y) from the mean radiance
level of patch A (with area |A|) that is of interest, we can let the mean of L(x,y) be
zero. For a sufficiently large area |A|, the power spectral density (psp) @ (v,w) of
L(z,y) can be approximated by

A 1 —=

¢L(U,W) = U%éz(v,w) = |7||L(U,w)|27

where |(-)|> denotes the expected value, or average, of |(-)|> over an ensemble of

radiance fields,
o? = // &, (v, w) dvdw

is the variance, and @7 (v,w) is the normalized PsD.
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2. Similarly, the psD @p(v,w) of the photodetector noise ny(x,y) can be approxi-
mated by

~ 1 S
QSP(UNJ) = Wlnp(v7w)|27

ol = // ?,(v,w) dvdw
B

is the variance. For white noise, @,(v,w) = o?.

where

3. The psD @s(v,w) of the discrete signal s(z,y) with analogue amplitude varia-
tions (i.e. before quantization) is defined by

. 1
D (v,w) = — |5(v,w)|?.
(v) = o o)
Consequently, according to equation (2.1b) (without the quantization noise),
by (v,w) = [K2 by (v,w)|7(v,w)[*] * [[| + Bp(v,w). (2.2)

The corresponding signal variance o2 is

o? = // ®,(v,w) dvdw. (2.3a)
B

Ordinarily, the contribution of the photodetector noise n,(z,y) to o2 is small and
can be ignored, so that

o2~ K02 // & (v,w)|7 (v, w)|? dvdw. (2.3b)

4. For the analogue-to-digital transformation, the quantization is uniform and
the signal is equally likely to occur anywhere in the quantization interval —co,/k
to cos/k, where ¢ is a constant that adjusts the quantization intervals and o? is
the variance of the signal before quantization. Consequently, the acquired signal is
quantized over the dynamic range of —co, to cos, and signal values outside this
range are assigned to either 0 or k — 1. For ¢ = /3, the dynamic range encompasses
92% of the signal. (The motivation for this particular adjustment is given in §3c.)
These assumptions imply that the quantization noise nqy(z,y,;«) has the uniform
probability density

k/2cos, —cos/k < ng < Cog/EK,

p(ng) =
0, elsewhere,

with a mean equal to zero and a variance given by

A= [ gy ang = (2" = ()" 240)

—cos/K K K

Moreover, the quantization error of any one sample is uncorrelated with that of
any other sample (although the present formulation allows for autocorrelation), and
the error signal is uncorrelated with the discrete signal s(z,y) or, equivalently, with
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L(z,y) and ny(z,y). The quantization error signal is then a wide-sense stationary

process with a PsD &,(v,w; k) equal to its variance 03; that is,
By (v,w; k) = Py(k) = 0l = (0s/k). (2.4b)

Finally, the quantization noise is treated Gaussian, which immediately implies the
independence on ny(z,y; x) from L(z,y) and ny(z,y) and imposes an approximation
of the uniform probability density by a Gaussian shape.

(b) Image reconstruction

The image-reconstruction process transforms the digital signal s(z,y; «) into the
observed continuous image R, (z,y; k), as defined by

Ro(z,y;K) = K 's(z, 45 k) * (2, y) + Ni(2,9), (25a)

where 7.(z, y) is the spatial response of the reconstruction process and N,(z,y) is the
continuous reconstruction noise. The normalization by the constant K accounts for
the steady-state gain of the linear signal-to-image transformation in the reconstruc-
tion process. In practice, of course, this gain differs from that of the radiance-to-signal
transformation introduced in equations (2.1). However, it is not necessary to account
for this difference here. By using the same gain constant for both image gathering
and reconstruction, the average reflectance of the image is equated to that of the
scene. The Fourier transform of equation (2.5 a) is

Ro(v,w; k) = K~ 15(v,w; k)7 (v, w) + N (v, w), (2.5b)

where 7,(v,w) is the SFR of the reconstruction process and N,(v,w) is the noise
transform.

The reconstructed image can be explicitly expressed in terms of three major com-
ponents:

f%o(v,w; K) = Rb(v,w) + Ra(v,w) + Rn(v,w; K), (2.5¢)
where
Ry(v,w) = L(v,w)?(v,w) (v, w)
represents the blurred component,

Ra(v,w) = [f)(v,w)f'(v,w) * ﬂs(v,w)]i'r(v,w)

represents the aliased components, and
Ro(v,w; k) = K iy (v,w) + fg(v, w; £)]7:(v,w) + Nr(v,w)

represents the photodetector, quantization, and reconstruction noises.

The reconstruction noise N,(z,y), as treated here, is implicitly a function of the
reconstruction response 7.(z, y) as well as of the image-display medium. Consider, for
example, film granularity. This granularity may range from fine to coarse (typically
for slow to fast films, respectively). It lies dormant in the unexposed emulsion of
the film until this film is exposed and developed. The exposure is made with the
spot of light that the image-display device scans across the film. If this spot of
light is large relative to the granularity of the film, then the spatial details of the
signal that this spot records on the film are correspondingly large compared with the
granularity. The reverse, of course, is true also. Therefore, the noise N, (z,y) is that of
the reconstruction process rather than just of the film. Similarly, the reconstruction
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Figure 5. Model of image gathering and restoration.

response 7.(z,y) is not just that of the spot of light, but it includes the response of
the film (or image-display medium in general).

(¢) Image restoration

Figure 5 depicts a model of image gathering and restoration. We assume that the
linear, isoplanatic operator ¥(z,y; k) restores the image on an interpolation lattice,
depicted by the symbol |||(x,y), which is much denser than the sampling lattice
[|l|(z,y) of the image-gathering process. If this interpolation is sufficiently dense,
then the operator ¥(x,y;k) effectively suppresses the blurring and raster effects
of the image-display device. For this condition the image-restoration process can be
modelled as transforming the digital signal s(z, y; k) into the digital image R(z,y; ),
as given by the Fourier transform pair

R(z,y;k) = K 's(z,y; ) * U(x,y; k), (2.6a)
Rv,w; k) = K~'5(v,w; k) ¥(v, w; K). (2.6b)

In further transforming this digital image into the observed image R, (z,y; k), the
image-display medium adds the reconstruction noise N, (z,y) so that

Ro(z,y; K ):R(:c y; k) + K~ Ni(z,y) (2.7a)
Ro(v,w; k) = R(v,w; k) + K 1N (v, w). (2.7b)

The restoration sFR ¥(v,w; k) now replaces the reconstruction SFR 7.(v,w) in
equation (2.5b). This is mathematically justifiable because the interpolation lattice
separates its sideband components of the digital image far enough apart from each
other so that, in effect, ¥ (v,w; k)% (v, w) — ¥(v,w; k), i.e. the SFR 7; (v, w) passes the
fundamental component of W(v w; k) without perturbing it while entirely rejecting
the other components. The expression for the restored image R,(z,y; k) in terms of
its three major components has exactly the same form as equation (2.5¢) for the
reconstructed image R, (v,w; k).

The mean-square error e between the incident radiance field L(z,y) and any
image R(x,y; k) is defined by

e? = I—;—I /|ﬁ(v,w) — R(v,w; k)|? dvdw = // é* (v, w; k) dvdw, (2.8)

where é2(v,w; k) is the mean-square error Psp. The Wiener filter @(v,w; ), which
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minimizes the mean-square error ¢2, is (Fales et al. 1996)
K23, (v,w)|7(v,w)|? K2¢L(U w)7T* (v, w)
P, (v,w; k)7 (v, w) P, (v,w; K)
B &1 (v, w)7* (v, w)
(0, w)[7(0,w)[2 x [[| + K28y (v,w) + K2 @4(v,w; 5)

@(U,w;h}) = , (2.90)

(2.9b)

These expressions for AW(U, w; k) are independent of the reconstruction noise Nr(v, w).
The digital image R(x,y; k) differs from the observed image R,(z,y;k) that is
recorded on the image-display medium only by the noise that this medium adds. For
photodetector noise that is white so that the psp & p(v,w) is equal to its variance o2,
and for the assumptions made about the analogue- to—dlgltal transformation so that
the PSD @4(v,w; k) is equal to its variance ag, equation (2.9b) can be expressed as a
function of the SNRs (Ko /0,) and (Ko /os)k as

3 ¢L(U w)7* (v, w)

V(v,w;K) = = - . (29¢)
), (v,w)|7(v,w)? ||| + (Kow /o)~ + (Kop fo) 2k~
where @ (v,w) = 072 &, (v,w).
The minimum mean-square restoration error (MSRE) € of R(x,y; k) is
= // & (v, w; k) dudw,
where é(v,w; k) is the corresponding minimum MSRE PSD given by
E(v,w; k) = & (v,w)[1 — I'(v,w; k)] (2.10)
and I'(v,w; k) = 7(v,w) ¥(v,w; K) (2.11)

is the throughput sFr. When the aliasing, photodetector, and quantization noises ap-
proach zero, then the Wiener filter W (v,w; k) approaches the inverse filter 7 (v, w)
and the SFRr F(U w; k) approaches the ideal bandpass response. The minimum MSRE
€2 of Ro(z,y; k) is constrained by the reconstruction noise N(z,v), so that

€ = // & (v,w; k) dudw,

where €2(v,w; k) is the corresponding minimum MSRE PSD given by
E(v,w; k) = E(v,w; k) + P (v,w) (2.12)

and &,(v,w) is the PSD of N,(z,y).

The phrase ‘dense interpolation lattice’ is not intended to suggest that the spot of
light which records the restored image on the image-display medium should actually
be reduced in size relative to the one used for the reconstruction in equations (2.5).
Such a reduction would increase the effective reconstruction noise N,(z,y). Instead,
the restored image is recorded on a larger frame. For example, if the interpolation
lattice is 4 times ‘denser’ than the sampling lattice (which, in practice, is sufficient to
effectively suppress the blurring and raster effects of the reconstruction process (Fales

Phil. Trans. R. Soc. Lond. A (1996)
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et al. 1996)), then the recorded image grows 4 times larger. If this interpolation is not
practical, then it becomes necessary to account for the blurring and raster effects of
the reconstruction process, as Appendix D formulates. In addition, Fales et al. (1996)
present Wiener filters that minimize the MSRE for coarse digital interpolation and
for small-kernel operators. We avoid these filters here because the associated degra-
dations, even when small, distract from the correlation of quantitative assessments
with the perceptual image quality.

(d) Image enhancement

The minimum MSRE representation that the Wiener filter produces often includes
some perceptual defects caused by (a) the aliasing artifacts that are due to the insuf-
ficient sampling in the image-gathering process, (b) the photodetector and quantiza-
tion noises that are amplified and coloured by the high-frequency enhancement that
is due to the Wiener filter, and (c) the ringing near sharp edges (Gibbs phenomenon)
that is due to the steep roll-off in the throughput sFr I'(v,w; k). It is not possible
to have maximum sharpness without either aliasing or ringing. Some overshoot near
sharp edges is not only acceptable but also improves sharpness. However, excessive
overshoot with ringing is clearly undesirable (McCormick et al. 1989; Schreiber 1993;
Fales et al. 1996).

Hence, it is often desirable to combine the Wiener filter with some algorithm for
interactively controlling the perceptual image quality. This control can be provided
by the Wiener-Gaussian enhancement (WIGE) filter (McCormick et al. 1989; Fales
et al. 1996), which is the product of the Wiener filter ¥(v,w; ) and an enhancement
filter 7(v,w), so that R .

Ue(v,w; k) = U(v,w; K)Te(v,w), (2.13)

where
To(v,w) = exp[—2(m0p)?] + C(270ep/0,)? exp[—2(Taep)?], (2.14)
p? = v? +w? and o, = (2/me)'/? = 0.48. The first term on the right side of equa-
tion (2.14) is a low-pass Gaussian filter with standard deviation o;. This parameter
controls the degree of smoothing that may be desired to suppress visually annoy-
ing defects. The second term is the Fourier transform of the familiar Laplacian-of-

Gaussian (V2@G) operator commonly used to enhance the radiance-field transitions
for subsequent edge detection, as given by (Marr & Hildreth 1980; Marr 1982)

1 r2 r2
2
— 1— _
VG wz< 2az> ex"( 203)’

where 2 = 22 + y? and o, is the standard deviation of the Gaussian function. This
parameter controls the resolution of the edge enhancement. Finally, the parameter
¢ controls the degree of edge enhancement. The ratio 02/0? is included so that
the enhancement with ¢ = 1 is directly proportional to the change of intensity at
an edge transition (Alter-Gartenberg et al. 1992). The Gaussian function is chosen
for its desirable filter characteristics (Gabor 1946). It is simultaneously optimally
localized in both the spatial and spatial-frequency domains.
The minimum MSRE €2 of the enhanced digital image is

& = // & (v,w; k) dudw,

Phil. Trans. R. Soc. Lond. A (1996)
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where N .
E(v,wi k) = O (v,w)[1 — Fo(v,w) I (v,w; K)]. (2.15)

Similarly, the minimum MsSRE €2, of the enhanced observed image is

e = // & (v, w; k) dudw,

where N
& (v,w) = E(v,w; k) + D(v,w). (2.16)

3. Figures of merit

This section develops the six figures of merit outlined in the Introduction. The
development is meaningful only for the image restoration and enhancement presented
in §82¢, d for which there evolves a close relationship between information rate and
maximum-realizable image quality. This relationship does not extend to the image
reconstruction presented in §2b.

The mathematical development departs from the traditional application of in-
formation theory to the assessment of communication channels by including the
effects of insufficient sampling and analogue-to-digital transformation. These effects
are carefully examined in Appendices B and C, respectively. The results of this ex-
amination show that, for the assumptions in §2a, the aliased signal components
and the quantization errors can both be treated as independent, additive noise. This
treatment, of course, greatly facilitates the quantitative assessment of visual com-
munication.

(a) Information rate H

The first two transformations in figure 5 convert the continuous radiance field
L(z,y) into the digital signal s(z,y; k), as defined by equations (2.1). According to
Shannon (1948) and Shannon & Weaver (1964), the rate of transmission of infor-
mation H through these transformations or, equivalently, the mutual information
between the input radiance field L(z,y) within the sampling passband and the out-
put digital signal s(z,y; k) is defined by

H = E[s(x,y; k)] — E[s(x, y; 5)|L(z, y)] (3.1a)
= E[3(v,w; k)] — E[5(v, w; k)| L(v,w)], (3.1b)

where the first term, £[], in each equation represents the entropy of the received
signal in spatial and spatial frequency coordinates, respectively, and the second term,
&[], represents the conditional entropy of the received signal given the radiance field.
The conditional entropy is the uncertainty of the digital signal s(x,y; k) when the
radiance field L(z,y) is known. Thus, the information rate H given by this defining
equation measures the amount of information received less the part of this which is
due to noise. Because the sources of noise can be treated as independent and additive,
we can, according to Shannon’s theorem 16, simplify the above expressions for H to

H = E[s(x,y; k)] — En(z, y; £)] (32a)
= &[3(v,w; k)] — ElA(v,w; k)], (3.2b)

Phil. Trans. R. Soc. Lond. A (1996)
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where, from equation (2.1¢),
5(v,w; k) = KL(v,w)?(v,w) + 7(v,w; &)
and
(v, w; k) = N (v, w) + Np(v,w) + g(v, w; K).
A full interpretation of equation (3.2b) in terms of the probability densities
ps[s(v,w; k)] and  pu[A(v,w; k)]

of the signal and the noise, respectively, is given by the expression

n=—; ] { J[ st ol o)
B

— //pn[ﬁ(v,w;n)] log pp[7(v, w; k)] dﬁ(v,w;n)} dvdw,  (3.2¢)

where d3(v,w; k) and da(v,w; k) denote real differential area elements comprising
the real and imaginary parts of §(v,w;x) and (v, w; k), respectively. The Gaussian
probability density p,[3(v,w; k)] of the signal 3(v,w; k) with the PsD &,(v,w; k) is

{ |5(v, w; N)lQ}

——eXpl — .

7P (v, w; K) D (v,w; K)

Similarly, the Gaussian probability density p,[f(v,w; k)] of the noise 7(v,w; k) with
the PsD &, (v,w; k) is

ps[8(v,w; k)] =

X

7y (v, w; k) { b, (v, w; k)
The psD &,(v,w; k) is the sum of equations (2.2) an
I

d
B, (v, w; k) = [K2 1 (v,w)|7(v,w)[H] * ||| + Bp(v,w) + bq(v,w; k).

(v, w; k)2 }

pulf(v,w; k)| =

(2.4b), as given by

Recalling from §2a that
|| = ||(U7w) = 5(’1),(.0) + |||3(U,W),

the PSD &, (v,w; k) is given by
&, (v,w; k) = [K2 &y (v,w)|7(v,w)|?] * ms + &, (v,w) + By (v,w; K).
Substituting the above into equation (3.2 ¢) yields the following results:

- 1 .
H= —;-// log @, (v,w; k) dvdw — 3 // log &, (v,w; k) dvdw (3.2d)
B B
d . 2 g S 2
= 1//10g?—s(w dvdw = 1//log 1+ K QLA(U’WNT(U’W)' dvdw (3.2¢€)
2J (v, w; K) 2 @, (v, w; K)
B B
g - 2
= l//log [1 + = ¢5<U’w)|7—(3}’w)| _ } dvdw.
2 Pr(v,w)|7(v,w)[? * m.s + K29, (v,w) + K2 Pq (v, w; K)

(3:2f)

Phil. Trans. R. Soc. Lond. A (1996)
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For the assumptions that &,(v,w) = o’ and By (v,w; k) = oz,
&1 (v, w)|F (v, w) 2

1
H==>[]log|1+ = -
213’// og{ - P (v, w)|F(v,w)[2* |||s + (Ko /op) "2 + (Kop /o) 2k~2

dvdw.

(3.29)

The above formulations of H can be tied to the Wiener filter Q'/(v,w; k) given
by equations (2.9), the minimum-realizable MSRE PSD é°(v,w; k) given by equa-
tion (2.10), and the throughput sFr I'(v,w;k) given by equation (2.11) as follows.
Comparing the psD &,(v,w; k) of the digital signal with the psSp &, (v,w; k) of the
noise that this signal contains, it can be seen that

B, (v,w; k) = B (v,w; k) — K2 (v, w)|7(v,w)|%

Substituting this expression for &,(v,w;x) into the first form of equation (3.2¢)

yields
25 . 2
H= —% // log {1 _K ¢L~(U,w)|r(v,w)| dvdw.
B

Py(v,w; k)

Next, solving equation (2.9a) for @,(v,w;x) and substituting the result into the
above equation yields

M= / / log[1 — #(v,w) ¥ (v,w; 5)] dvdw.
B

Finally, comparing this result to equation (2.10) for é*(v,w; k) and equation (2.11)
for I'(v,w; k) leads to the following intuitively attractive expressions:

H = _% // log[1 — I'(v,w; k)] dudw (3.2h)
B
1 @L(U,w) ;
=3 // log (0,01 1) dvdw (3.21)
B

= %// log 1, (v,w) dvdw — %// log €% (v, w; k) dudw. (3.27)
B B
The first integral in equation (3.2j), which is a function of the radiance-field
PSD & (v,w), can be regarded either as the entropy of the radiance field within
the sampling passband B or, equivalently, as the information rate that the image-
gathering system would produce if it were constrained only by its sampling passband.
The second integral in equation (3.2j), which is a function of the minimum MSRE
PSD é2(v,w; k), accounts for the loss of information that the perturbations of the
image-gathering process cause within the sampling passband.
The theoretical upper bound of H is Shannon’s channel capacity C for a bandwidth-
limited system with an average power limitation, as given by

C = 3|Bllog[l + (Koy,/02)], (3.3)

2

where o2 accounts for the photodetector and quantization noises, i.e. 02 = Ug+afn'2.

Phil. Trans. R. Soc. Lond. A (1996)
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Equations (3.2) for H reduce to equation (3.3) for C only when

A 2 » ;
& _Joi, (vw)eB « _J1, (v,w)eB y
2(v,w) { 0, elsewhere, (v,w) 0, elsewhere. (34)

Because these two conditions cannot occur in practice, the best that can be done,
as §5 illustrates, is to maximize H by appropriately matching both B to @L(v w)
and 7(v,w) to B. Thus, while C still sets the theoretical upper bound on H, the
maximum-realizable 1nf0rmat10n rate H,, sets a practical upper bound as a function
of the critical limiting factors that constrain the image-gathering process.

(b) Theoretical minimum data rate €

The theoretical minimum data rate £ that is required to sustain the information
rate H may be represented, as Appendix C delineates, as the information rate through
the analogue-to-digital transformation (figure 5). In short, the appendix first shows
that for a general model of this transformation (i.e. one that is not constrained by
the assumptions in §2a about the quantization process), the mutual information
between the discrete input signal (with analogue amplitude) and the digital output
signal is precisely equal to the entropy of the latter. Based on this result, we use
the entropy symbol £ to denote the mutual information between the discrete signal
s(z,y) and the digital signal s(z,y; k) for the approximate model of the quantization
process in §2a. Accordingly, the entropy £ is defined as

£ = E[S(ZU,% K)] - S[S(x, Y; N)|5(ZE’ y)]v

where the conditional entropy £[s(z, y; k)|s(z,y)] is the uncertainty of s(z, y; k) when
s(z,y) is known. For the assumption that the quantization noise ng(z,y;x) is ad-
ditive and independent, the conditional entropy becomes, according to Shannon’s
theorem 16, the entropy £[ng(z,y; k)] of the quantization noise, so that

& =E[s(z,y; k)] = Elng(z, y; K)] (35a
= &[8(v,w; k)] — E[Rg (v, w; K)]. (3.5b
A full interpretation of equation (3.5b) in terms of the probability densities
ps[d(v,w; k)] and  pg[ig(v,w; k)]

of the digital signal and the quantization noise, respectively, follows the same steps
that lead from equation (3.2b) to equation (3.2 ¢) for H, except that fg(v,w; k) now
replaces A (v,w; k). When this is done, then entropy £ given by equation (3.5b) is
found to be

£ = -;;// log &, (v, w; k) dvdw — —;—// log @4 (v, w; &) dvdw (3.5¢)
B B
~ ) &5 & .
_ _1_// log ?s(v,w, K) dvdw = 1// log S(U’(':)) + ¢Q(U’w’K’) dodw (35 d)
2 Dy (v, w; K) 2 Pg(v,w; k)
B

/ / lo g[ dsivwwl)} dvdw. (3.5¢)

Phil. Trans. R. Soc. Lond. A (1996)
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Substituting the psp &, (v, w) given by equation (2.2) yields

&1 (v, w)|7(v,w)|? * I]I + K28,(v,w)
// [ K200 m) ] dvdw. (3.5 1)
For the assumptions that &,(v,w) = o2 and By (v,w; k) = a2,
1 &7, (v,w)|7(v,w)[2 * ||| + (Kor/0p) 2
= - // log [1 + (Kopjos) n2 } dvdw. (3.59)

These expressions for £ represent the entropy of completely decorrelated data. They
set the theoretical lower bound on the data rate that is associated with H.

(¢) Information efficiency H/E
It is intuitively attractive to define the information efficiency of completely decor-
related data by the ratio H/E. Thus, whereas H ties the performance of the visual
communication channel to the quality with which images can be restored, H/E ties
its performance to the quantity of data that must be transmitted and stored.
The conditions for which H/E reaches its upper bound are easily found. Both
equation (3.2 f) for H and equation (3.5 f) for £ reduce to the same expression

1
B

when the aliasing and photodetector noises become very small relative to the quan-
tization noise for H and to the within-passband signal component for £. These con-
ditions, therefore, are the ones for which H/€ reaches its maximum possible ratio
Hqy/Eq = 1. This result suggests that the electro-optical design of the image-gathering
device that maximizes H also maximizes H/E. However, there always remains a
trade-off between H and H/E in the selection of the number of quantization levels:
H favours fine quantization and H /& favours coarse quantization.

Furthermore, if two additional conditions are imposed on the above equation for
&y = Hgy, namely, the ones for which H reaches C given by equation (3.3), then

Eq=10Cq 2|B|log[1—i—(KU,;/Uq) ].
Finally, for 02 = 02k~ from equation (2.4a), where 02 = K?0,
Eq = Cq = | B|log(1 + 3x2/c?) = | B| log(V/3k/c).

Comparing this result with the maximum possible entropy &,, = |B In = |B |log K, it
can be seen that Cq = &; = &, when ¢ = /3. This constant is implicitly included in
equation (2.9¢) for !T/(v w), equation (3.2 g) for H, and equation (3.5g) for &.

(d) Mazimum-realizable fidelity F

The fidelity F' is a measure of the similarity between the radiance field L(z, y) and
the image R(x,y; k), as defined by (Fellgett & Linfoot 1955; Linfoot 1955)

JJ41L(z,y) — R(z,y; k)|? dedy
JIa|L(z,y)|? dzdy

1 (v,w)|7 (v, w)|?
K28, (v,w; k)

dvdw

F=1-

(3.6a)
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AT TE.) — R e )P dudes 560)
A Jf 1E(v, @) dvde

=1-o0;? // é%(v,w; k) dvdw. (3.6¢)

Substituting the minimum MSRE PSD é2(v,w; k) given by equation (2.10) into equa-
tion (3.6 ¢) for é%(v,w; k) yields the maximum-realizable fidelity

F=o0;2 &p,(v,w) I (v,w; k) dvdw 3.7a
L

with which the Wiener filter ¥ (v, w; k) restores the image R(v,w; k) in digital form.

The Wiener filter ¥(v,w;k) given by equation (2.9a) and F given by equa-
tion (3.7a) can be expressed in terms of the spectral distribution H(v,w; ) of H as
follows (Frieden 1970). Solving the integrand of equation (3.2 h) given by

H(v,w; k) = —log[l — I'(v,w; £)]
for the throughput SFr I'(v,w; k) and equating the result to equation (2.11) yields

f(v,w; K) = f(v,w) @(U,w; K}) =1 Q—ﬁ(vyw;ﬂ).

Hence,
~ 1 -
V(v,w: k) = 1 — 9~ H(vwik)
v wiR) = 7] )
and
F=op? / / By (v, w)[1 — 29 dydw, (3.7)

Consequently, for the conditions of very high information rates H, for which the
aliasing, photodetector, and quantization noises approach zero, ¥ (v,w; k) approaches
the inverse filter 771(v,w), and F approaches its absolute maximum value for a
particular scene.

_ In many applications, the goal may be to restore some enhanced representation
L(v,w)7e(v,w). If 7o(v,w) is a linear filter, such as the enhancement filter given by
equation (2.14), then the relationships given by equations (3.7) for F can readily be
extended to similar relationships for F, that the filter ¥ (v,w;k)7.(v,w) produces,
as given by

2 o0
Fo= gzL // ) (v, w)|Fe(v, W) 2T (v, w; k) dvdw (3.8a)
Le
02 i g fal —H V,WiK
= U%Le // B (0, w) e (v, w) P[1 = 2774 dvdw, (3.80)
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where

0l, =0} // & (0, W)|7(v, w)|? dvdw.

(e) Information rate H,

The reconstruction noise N,(z,y) that the third transformation in figure 5 adds
when the digitally restored image is recorded on an image-display medium can be
directly included with the other perturbations that occur in the visual communication
channel. When this is done by repeating the steps that lead from equation (3.2b)
to equation (3.2 f) for H, except that 7(v,w;x) now includes Nr(v,w), then the
information rate H, of the observed image is found to be

Hy = %// log [1 (3.9a)

(v, w)|7 (v, w) 2

Br (v, w) |7 (v, w) 2 # [[|s + K2[8, (v, w) + $q(v,w; k)] + Bi(v,w; k)

dvdw,

where
@;(U?w; "‘7) = @r(vaw” @(v,w; ""')|_2'

For the assumptions that

Dy (v,w) = af),

H, = %// log [1 (3.9b)

|2

Bo(w,wik) =02, Blv,wik) =0,

. B} (0,0) [ (0,)
P, (v,w) |7 (0, )2 ¥ [[s + (Kop/op) 7% + (Kop/o,) k2 + (01 /07)
These expressions for H, are based on the assumption that @(v, w; k) restores the
observed image R, (z,y; ) with an interpolation lattice that effectively suppresses
the blurring and raster effects of the reconstruction process. If this dense digital inter-
polation is not practical, then it becomes necessary to account for the reconstruction
response and raster, as formulated in Appendix D.
The effect of the reconstruction noise may be assessed in terms of the number of

distinguishable grey levels ¢. The last result in Appendix C suggests that the number
of levels ¢ and the SNR o,/Ko, can be related by the expression

L= (1+0%/K*0)Y? ~ 0,/Ko,.
Substituting o, = o/t into equation (3.9 ¢) yields

Ho = %// log [1
] P}, (v,w)[7 (v,w)|?

+= =
b (v, W) 7 (v, W) # |[|s + (Ko /op) 2 + (Ko /o) 2 (k72 +172)
Phil. Trans. R. Soc. Lond. A (1996)
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This expression shows that the number of quantization levels x and the number of
distinguishable grey levels ¢ are equivalent in terms of their significance to H,. This
equivalence suggests that the information rate to the observer cannot be significantly
improved by increasing only k or ¢, one without regard to the other.

(f) Mazimum-realizable fidelity F,

The maximum-realizable fidelity F, of the observed image that is restored with
dense interpolation differs from the maximum-realizable fidelity F of the digital im-
age only by the addition of the reconstruction noise N;(z,y). Substituting the mini-
mum MSRE PSD é2 (v, w; k) given by equation (2.12) for é2(v, w; k) into equation (3.6 ¢)
yields the maximum-realizable fidelity

Fo=05" //[@L(U,w)f’(v,w; k) — &, (v,w)] dvdw (3.10a)
= azz_ / / (@1 (v,w)[1 — 2779] — G (v,w)} dodw. (3.10b)

The spectral information density H(v,w; &) in equation (3.10b) is the integrand of
H given by equation (3.2 f). For the assumption that &,(v,w) = o2,

Fo=o07" // &p(v,w) (v, w; k) dvdw — (o /0,) 72 (3.10¢)

Finally, if the effect of the reconstruction noise is approximated by the number of
distinguishable grey levels ¢, then the term (o /0,)~% in equation (3.10¢) becomes
(Kop/os)~ %2

4. Multiresolution decomposition

Multiresolution processing has been implemented with many different architec-
tures (tree structures) and filters (operators) for signal decomposition (analysis) and
reconstruction (synthesis) (Gabor 1946; Burt & Adelson 1983; Daubechies 1988,
1990; Mallat 1989a, b; Ebrahimi & Kunt 1991; Woods 1991; Vetterli & Herley 1992;
Akansu & Haddad 1992). This section starts with a single-level decomposition and
then extends this decomposition to a particular multi-level realization, the wavelet
transform. As above in §2, we clearly distinguish between image reconstruction and |
restoration. For image reconstruction, we follow the traditional treatment of sig-
nal synthesis and image reconstruction as independent processes; whereas for image
restoration, we integrate signal synthesis with the Wiener filter to again produce
images with the maximum-realizable fidelity. The information-theoretic assessment
applies, of course, only to the integrated synthesis and restoration.

(a) Single-level transform
(i) Image gathering and signal analysis
Figure 6a depicts a model of image gathering with a single level of multiresolution

signal analysis. The discrete Fourier transform (DFT) allows the analysis and requan-
tization to be performed in the spatial frequency domain. The quantization noise

Phil. Trans. R. Soc. Lond. A (1996)
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decomposed
~ signals
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1U,WK,
radiance I 1, (x,y) : ?iq] :
field signal
© > Kt(xy) | Wery) Pr@———t>{ DFT -4 7, (0.0) N
L(x,y) s(x,y) 8 Sp(v.wiKp)
np(xsy) : nqn
Ll T (U,0) >
5 % Sp0,m5K,)
an(v,m;KB)anB
®)
decomposed
signals Ll 7 ()
GICX LN ‘
: reconstructed observed
~ signal image
- > 7, (00) IDFT 2 > K'7(x.y) ——=
Sp(v0:Kg) : rgx.y;K) R p(x,y;€)
- " N (xy)
- T, (1.0) :
Sp(U,0;Kp) B
©
decomposed
signals o A
v » K'Y, (v,0;K) P T(v,w)
5,(v,05K,)
: digital observed
image image
- > K1 0.0 P fiw,0) [ E )l IDFT H>® £
SHvwiKy) Rw,03%) T Regw)
N.(x.y)
A A
— > KW (0,00;5) (3 TT(v,00)
SB('U,O);KB)

Figure 6. Model of image gathering and reproduction with single-level multiresolution decompo-
sition. (a) Image gathering and signal analysis, (b) signal synthesis and image reconstruction, (c)
integrated signal synthesis and image restoration. The requantization replaces the quantization
in the analogue-to-digital transformation for the trade-off between information rate and data
rate. The processing and requantization are performed in the spatial frequency domain.

nq(z,y; k) of the analogue-to-digital transformation (figures 4 and 5) is replaced by
the requantization noises nqs(z,y; kg) because it is the number of requantization
levels that now critically constrains the trade-off between the information rate H
and associated theoretical minimum data rate £. With this simplification, the im-
age gathering and signal analysis together transform the continuous radiance field
L(z,y) into the decomposed digital signals sg(x,y; ks), as defined by
sp(T,y;Kp) = [KL(z,y) * 7(x,y) * Tap (T, y)] Mﬁ

+np (2, y) * Tas(2,Y)] [lls + nas (e, y; £p), (4.1a)
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where 8 = 1,2,...,B, T.g(x,y) are the spatial responses of the analysis filters, and
the functions

lls = |||/3(33 y) = XﬁYﬁZ5(v—Xgm,w—Y,3n)

m,n

are the associated decimation lattices with sampling intervals (X, Ys). Note that the
intervals X5 = Y3 > 1 for the image-gathering process with unit sampling intervals,
and that equation (4.1a) reduces to equation (2.1a) when the decomposition is
removed by letting T.5(z,y) = 8(x,y) and X3 = Yg = 1. The Fourier transform of
equation (4.1a) is
Sp(v,w;Kg) = [Kﬁ(v,w)%(v,w)%aﬁ(v,w)] * U_Iﬁ
+ [ (v, W) Tap (v, W)] * ([ + Rgs (v, w; Kp), (4.1b)

where 7,5(v,w) are the SFRs of the analysis filters, fiqs(v,w;kg) are the discrete
transforms of the requantization noises, and

- > n

s = [ila( 6( ,w——-)

s = 1l Z Y5
Xg 1Ys—1

I = = 5 536 (o= e 2)

m=0 n=0
account for the decimation. The associated sampling passband for each decomposed
digital signal is

. 1 1
= . g —_— < _—

with area |Bs| = (X5Yp)~?
The psDs Py5(v,w) of the decomposed signals before requantization are

Ebsﬁ(v,w) = @s(v,w)l%ag(v,w)lz, (4.2)

where &, (v,w) is given by equation (2.2). The corresponding variances afﬂ are
02 = // B,5(v,w) dvdw
B

~ K202 / / B, (0, )| (0, 0) s (v, w) 2 dvodow. (4.3)

Moreover, consistent with the assumptions about analogue-to-digital transformation
in §2a, the PSDs Pq3(v, w; Kg) of the requantization noises are

Q]ﬁ(v’w;”ﬂ) = XﬁYﬂ [%] ) (4'4)

where 045(v,w) are the standard deviations of the discrete spatial frequency compo-
nents (v,w) in band 3, and kg (v,w) are the number of requantization levels assigned
to these components.
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(ii) Signal synthesis and image reconstruction

The signal synthesis depicted in figure 6b reassembles the B decomposed signals
into the reconstructed signal 75(v,w; k), as defined by

B

a(v,w; k) = Zsﬁ v, w; k) Tsp(v,w), (4.5)
p=1

where 755(v,w) are the sFRs of the synthesis filters. The conditions for perfect recon-
struction, for which 75(v,w; k) = §(v,w), are as follows: the requantization noises
fqs(v,w; kg) are negligible; the synthesis filters are given by

Top(v,w) Z o(0,W)[L7 (v, 0)]ag, (4.6)

where
[Zs(v, )]pa = [Fap (v, W) Faa(v,w)] * |II;
and v = max(a, §); and [T, (v,w)]ap exists. The inverse discrete Fourier transform

(1DFT) and the image-display device transform the signal 7z(v,w; k) into the observed
image R.s(x,y; k), as given by

Ros(z,y; k) = K 'rg(z, y; k) * 7o(2, y) + Ne(z, y). (4.7)

(iii) Integrated signal synthesis and image restoration

The integrated signal synthesis and image restoration depicted in figure 6¢ ac-
counts for both the image gathering and signal analysis to minimize the mean-square
error e between the radiance field L(v,w) and the digital image Rz (v,w; k), as given
by (Fales et al. 1992)

B(V, w; K) ZK 5(v,w; k) Us(v,w; Kg), (4.8)

where Q'/g(v, w; Kg) is the Wlener-matrlx ﬁlter

Us(v,w; kp) = @ (v,w)7 vaTw(vw[T (v,w; Kp)]ap (4.9)
and
(T, )] = (8 (0,00) (0, 0) 2 (0,0)Foa (0, )] = [
+H(Eop /o) [Fas (v, w) T (v, w)] 118
-2 Osﬁ(vaw)
+XpYs(Ko,) [m} 6(8, ).

The corresponding minimum MSRE PSD é3(v,w; k) is
&(v,w; k) = Op(v,w)[1 — I's(v,w; k)], (4.10)

where

Is(v,w; k) = 7(0,w) Y Fap(v,w) ¥s(v,w; Kg) (4.11)

hE

B=1

Il
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is the throughput sFr. The observed image is
ROB(x7y;K’) :Rg(l',y; R) +Nr(x7y)7 (412)
where Rp(x,y; ) is the IDFT of ﬁg(v,w; k). The Wiener-matrix filter %(U,w; Kg)
reduces to the Wiener filter ¥(v,w;k) given by equation (2.9b) when B = 1 and
Tap(V,w) = 1.
(iv) Figures of merit
The information rate Hg for each decomposed signal sg(z,y; kg) is

i ~ 2= 2
e —— U O o
23 [D1(v,w)|T(v,w)[2* ||[s + Pp(v, W)][Tap(v,w)[> + Pap(v,w; Kp)
B
(4.13)
and the associated theoretical minimum data rate &3 is
1 B5(v,
Es == // log |1+ —:M—— dvdw. (4.14)
23 Pos (v, w; k)
B

The total information rate Hp for the B decomposed signals is

1 . 1 &1, (v,w)
= —— 1 —_— M = - —_— ,1
Hg 5 //log[ I's(v,w; k)] dvdw 5 //log Z(v.wi %) dvdw, (4.15)
BB BB

where €%(v,w; k) and I's(v,w; k) are given by equations (4.10) and (4.11), respec-
tively. Normally, Bs = B. The associated theoretical minimum data rate &g is

5 18 @sﬁ(v,w)
Ep=> &= 5 > [ log |1+ =——"——| dvdw. (4.16)
p=1 ,8:13[3

Lo (v, w; p)

The maximum-realizable fidelity F5 of the digital image Rg(x,y; k) is
Fp=0.° // & (v,w) (v, w; k) dudw. (4.17)

Finally, the information rate H,ps and fidelity Fop of the observed image Rog(z,y; k)

are
. . < .
Hop = 1// log |1+ = & (v,w)E(v,w; K) i
2 by QL(U7“))
Bg

ﬁB(U7w; "{‘7)[1 - fB(U,w; K/)] + asr(v""))

(4.18)
and

Fop =07° //[@L(v,w)fg(v,w; k) — @(v,w)] dudw. (4.19)

These formulations reduce to the ones given in §3 when B =1 and 7ap(v,w) = 1.
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Figure 7. Multiresolution decomposition with the discrete wavelet transform. (a) Signal analysis,
(b) signal synthesis, and (c) integrated signal synthesis and image restoration. Figure 6 depicts
the associated image gathering, digital interpolation, and image reconstruction.

(b) Wavelet transform
(i) Image gathering and signal analysis

Figure 7a depicts the multi-level signal analysis architecture of the discrete wavelet
transform. This transform decomposes the DFT of the signal s(z,y) into the signals

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

\

\

%A

I

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

AN
\
) \

/

A
(

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

An information theory of visual communication 2219

S¢p(v,w; keg) with Z levels, each with B bands, as defined by

Sea(v, w3 kigs) = [5e-1,1(0,w)Facs (v, w)] * [lle + Figes(v,w; Kea), (420a)
3=23,....B, (=12...,2,
e (0,0) = [Be_ni (VWi (v, @) * lle, ¢(=1,2,...,Z2 -1, (4.20b)
where
50.1(v,w) = §(v,w) = [Kﬁ(v,w)f'(v,w)] ”| + (v, w)

and

ziiz::iz_: ( XC’ _%>

is the down-sampler by X = Y = ,/B. Hence, there are a total of Z(B —1) + 1
decomposed signals. Compactly supported orthonormal wavelets with dyadic (oc-
tave) decimation, for which B = 4 (X =Y = 2), are developed and presented in
Daubechies (1988, 1990), Mallat (1989a,b), Akansu & Haddard (1992) and Vetterli
& Herley (1992).

(ii) Signal synthesis and image reconstruction

The signal synthesis depicted in figure 7b reassembles the decomposed signals into
the digital signal 7z (v,w; k), as defined by

B

Tze(V,w; k) = Zflg(v,w; K)Ts15(v,w), (4.21)

B=1
where
Tep(v,ws k) = cp(v, w; Keg), 6=23,...,8,
5 C=1,2,...,Z-1
Fer(v,wik) =Y Feynp(v,w; ) Fac1,6(v,w),

B=1

and
fzp(v,w; k) = 8z5(v,w; kzp), B8=12...,8B.

The conditions for perfect reconstruction are analogous to those given by equa-
tion (4.6) for the single-level decomposition, and the formulation of the observed
image Rozp(v,w;k) is analogous to Rop(v,w; k) given by equation (4.7).

(iii) Integrated signal synthesis and image restoration

The integrated signal synthesis and image restoration depicted in figure 7c trans-
forms the decomposed signals into the dlgltal image RZB(U w; k), as given by

Rzs(v,w;k) = K 27%15(%0); k) Ur(v, w; k1), (4.22)
pB=1
where
Res(v,w; k) = 3ep(v,w; keg), 3=23,...,B,
B
. . i —1,2,....Z-1
Rer(v,wi k) = Y Res1,0(v, w5 k) Yscr,5(0, w3 Kigr,6), ¢

B=1
Phil. Trans. R. Soc. Lond. A (1996)
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and
kzg(v,w;n) = 35zp(v,w;kzp), 6=12,...,B.
The Wiener-matrix filters ¥ s(v,w; kcg) are

B
Uep(v,wikiep) = Buc11(0,w) Y T (0, )T (U, w3 K)o, (4.23)
a=1

where

[T (v, w; k)l pa = [Bac (v, w)Faca (v, W) Frca (U, )] * |llc + Pacp(v, w; kicp)-
The PsDs @scﬁ(v, w; k¢p) are defined by the set of iterative equations
Bocp(v,w; kiep) = Bac (v, w)|Fags(v, W) |llc, (4.24)

and &y (v,w) = J,(v,w) is given by equation (2.2). The final digital image restora-
tion is performed by the Wiener-matrix filter ¥3(v,w; k1), which is the same as
Vs(v,w; k) given by equation (4.9) simply by replacing the subscript 8 by 13. If
the analysis filters do not overlap, i.e. Taca(v, w) 7o, (v, w) = |Tacp|?6(6, ), then this
filter reduces to
R 10 1
@S(va)halﬂ(vvw)P * ml + dsqlﬁ(U?‘U; 'K':lﬁ)

(4.25)

where @qlﬁ(v,w; k1) is the PsD of the accumulated requantization noises from the
Z levels of the decomposition.

(iv) Figures of merit
The information rate H¢p for each level ¢ and band /3 is

1
Hep = 5//10g
Bg

where

. Poc—1,1 (0, W)[Tagp (v, W)
Py¢—1,1 (0, w)|Taga(v, W) * [ll¢s + Pacp(v,w; kep)

2

} dvdw,

(4.26)

1

. X-1Y-1 m n
lles = 2328 (v - e~ 5¢)

m=0 n=0
m=n#0

are the sidebands of the down-sampler, and the Psps @Cl(v,w) are given by equa-
tion (4.24). The associated theoretical minimum data rate E.4 is

1 Dyc1,1(0,w)|Faca(v, w)[? # Il
EC,B = 5 //log 1+ dvdw. (427)
Bg

Pycp(v,wi Kep)

The total theoretical minimum data rate £zp of the Z(B — 1) + 1 decomposed
signals is

N

-1 B

B
Ez = Zggg + Zgz,@. (428)
1 B=2 B=1

Y
Il
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Figure 8. Normalized PSD @} (v,w) of the random radiance field with mean spatial detail I
relative to the sampling lattice.

If the analysis filters 7.¢3(v,w) do not overlap, then the total information rate Hzp
has the same summation as £zz, i.e.

B
Hzp = ZHCIB + ZHz,g. (4.29)

5. Quantitative and qualitative assessments

This final section characterizes the upper bounds of performance of visual com-
munication in terms of the figures of merit developed in the above two sections and
correlates these quantitative assessments with experimental results produced by com-
puter simulations. The actual data rate of the visual communication can, of course,
be directly correlated with its lower bound, the theoretical minimum data rate. How-
ever, the visual quality of the restored image is too elusive to be captured entirely
by a single quantitative measure or even by any existing model of human vision.
In practice, the preferred visual representation varies with target and application.
Therefore, our emphasis is on correlating the information rate with the restorability
(Frieden 1970) (ability to restore) of images with high visual quality. This emphasis
leads us to a close examination of the perceptible effects of the perturbations that
occur in the visual communication channel.

(a) Simulation
(i) Targets

The psp &, (v,w) of the radiance field L(z,y) of natural scenes commonly ap-
proaches the shape given by (Itakura et al. 1974; Kass & Hughes 1983)

. 2mulo?
2(029) = T )P

and shown in figure 8. Figure 9q illustrates a target of random polygons that has
this psp. The target is generated by a Poisson process with mean distance y between
the radiance-field transitions and an independent Gaussian intensity distribution
with variance 0% at the transitions (Modestino & Fries 1980). The mean distance y

(5.1)
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(a) Random polygons, p =3 (b) Resolution wedges

Figure 9. Targets.

between the edges of the polygons is measured relative to the sampling interval of the
image-gathering device (i.e. the mean spatial detail is equal to the sampling interval
when p = 1). The target of resolution wedges in figure 9b is included to facilitate the
assessment of resolution and clarity (i.e. the absence of visually annoying defects).

These targets and the subsequent images are produced with 256 x 256 display
elements, which is (at least nearly) sufficient to give them the appearance of be-
ing continuous relative to the sampling lattice of the image-gathering process. The
sampling lattice contains 64 x 64 picture elements (pixels) for the random polygons
and 32 x 32 pixels for the resolution wedges. Therefore, to produce images of equal
size to the target, the polygons and wedges are reconstructed with an interpolation
lattice, respectively, of 4 x 4 and 8 x 8 display elements. The implementation of
this interpolation varies with the method of image reproduction: For the traditional
image reconstruction (given in §2b), the interpolation is simply used to magnify
the image (using cubic splines (Fales et al. 1996)); and for the restoration with the
Wiener filter (given in §2c¢), it is used to suppress the blurring and raster effects
of the reconstruction process. The difference in the interpolation density used for
the restoration of the two targets appears as a magnification (by a factor of 2) of
the wedges relative to the polygons. This magnification can have a significant effect
on the visual appearance of some image degradations. Halftone prints of this size
which contain more than 64 x 64 pixels (as is often found in the digital processing
literature) hide many defects that would immediately become visible in a wide range
of applications, from medical diagnosis and military or planetary reconnaissance to
(digital) high-definition television (HDTV).

(ii) Image gathering and display

The srFrs of image gathering and display devices, 7(v,w) and 7, (v, w), respectively,
commonly approach the Gaussian shape given by (Schade 1951, 1952, 1953, 1955;
Fales et al. 1984; Schreiber 1993; Huck et al. 1995)

#(v,w) = exp[—(p/pc)?], (5.2)

and shown in figure 10, where p, is the optical-design index for which 7(v,w) = 1/e ~
0.37. The reconstruction response 7,(z,y) is made just large enough to minimize the
visibility of the display raster. This minimization occurs when the optical-design
index of the SFR 7;(v,w) is p. = 0.45 (Schreiber 1993). Schade (1951, 1952, 1953,
1955) and Schreiber (1993) found that the corresponding image-gathering response
7(z,y) should be approximately half as large (i.e. p. ~ 0.8) to provide the generally
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T(v,0)

Figure 10. SFRs 7(v,w) of the image-gathering device relative to the sampling passband B for
unit sampling intervals.

Ko, /o, p. Ko/o,
) 03 256
— -==-=04 64
------- 0.6 16

e
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0 02 04 06 038 102 100" 10° 10" 102
Pe u

Figure 11. Information rate H versus (a) the optical design index p. and (b) the mean spatial
u, both for several SNRs Koy /op.

most favourable trade-off between blurring and aliasing for image reconstruction
without the aid of digital processing.

The simulation does not account for the compression of the normally wide dynamic
range of natural terrestrial radiance fields (Barlow 1981) into the relatively narrow
dynamic range of the image on film. Instead, it deals only with the dynamic range
of the reflectance of natural scenes (Bowker et al. 1985) and of film and halftone
prints (Ulichney 1987), which range from ca. 1% to 80%. This small signal analy-
sis is justifiable because the information-theoretic assessment deals largely with fine
detail which normally has relatively low contrast. In practice, of course, it also be-
comes necessary to deal with dynamic-range compression and nonlinear tone-scale
transformation (Fales et al. 1996).

(b) Image gathering and transmission
(i) Mazimume-realizable information rate Hy,

Figure 11 characterizes the information rate H as a function of the electro-optical
design of the image-gathering device and of the mean spatial detail of the radiance
field. The number of quantization levels is assumed to be sufficiently high so that
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Figure 12. Ratio of information rate H to channel capacity C versus the SNR Koy /op. H is
given for three optical-design indexes p. and a mean spatial detail p = 1.

the quantization noise is negligible. These results demonstrate that H reaches its
maximum-realizable value H,, when both of the following two conditions are met:

1. The sFr 7(v,w) is appropriately matched to the sampling passband B for the
available SNR Koy, /o,,. This condition is intuitively appealing for image restoration.
In one extreme, when the SNR is low, one would prefer to avoid substantial blurring
because the noise constrains the enhancement of fine spatial detail. In the other
extreme, when the SNR is high, one would prefer to avoid substantial aliasing because
then the noise no longer constrains this enhancement.

2. The sampling passband B is appropriately matched to the radiance-field Psp
&1, (v,w). For the PsDs & (v, w) typical of natural scenes, this match occurs when
the sampling interval is close to the mean spatial detail of the radiance field (i.e.
w ~ 1). This condition is also intuitively appealing for image restoration. Ordinarily,
one cannot expect to restore spatial detail that is finer than the sampling interval,
whereas one can expect to restore detail that is much coarser from fewer samples.

(i1) Information rate H and channel capacity C

Figure 12 compares H with C as a function of the SNR Ko, /o, for three optical-
design indexes p.. The curves show that the constraints of the image-gathering pro-
cess limit H,, to approximately one-half of C (i.e. H,, ~ 0.55C). The upper bound
of the ratio H/C is independent of the SNR; it requires only that the two conditions
that lead to H,, (as specified above) are met. Therefore, we can treat these two condi-
tions analogous to the role that white and bandwidth-limited signals play in classical
communication theory (namely, as the conditions that establish the upper bound on
the information rate through the communication channel). Although H,, cannot be
specified without qualifications (i.e. radiance-field spectrum and image-gathering re-
sponse), the value given here seems to be approximately valid for a wide range of
PsDs & (v,w) of natural scenes and of SFRs 7(v,w) of realizable image-gathering
devices (Huck et al. 1988).

(iii) Information-entropy H(E) plot

Figure 13 presents an information-entropy H(E) plot that characterizes the in-
formation rate H versus the associated theoretical minimum data rate, or entropy,
&. This plot serves as an alternative to the familiar rate-distortion function (Shan-
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Figure 13. The information-entropy H(E€) plot that characterizes the information rate H versus
the associated theoretical minimum data rate £ for n-bit quantization. The three curves represent
informationally optimized designs specified by the optical-design index p. and SNR Kor/op.
The mean spatial detail p = 1.

non 1959), which is based on the premise that the encoder has unperturbed access
to the original source and, therefore, directly controls the trade-off between distor-
tion and data rate. The basic difference between these two methods of assessment is
as follows: The rate-distortion function accounts for the perturbations in coding and
transmission in terms of a criterion, usually fidelity, that directly measures the resem-
blance between the original message and its reproduction. The information-entropy
plot, instead, accounts for the perturbations before coding as well as in coding and
transmission in terms of a criterion, here information, that measures the ability to
reproduce an approximate representation of the original message with an appropriate
filter. In our assessment of visual communication, the maximum-realizable fidelity
represents a particular image (namely, the one restored with the Wiener filter) and
the information rate represents the ability to restore images, which Frieden (1970)
described as restorability. We use the WIGE filter (given in §2d) because it allows
us to interactively trade among fidelity, sharpness, and clarity (i.e. absence of vi-
sually annoying defects) for the best visual quality. Thus, our reason for choosing
information rate over fidelity as the pivotal measure of performance is not based on a
fundamental theoretical consideration, but, instead, it is based on the entirely prag-
matic realization that the perceived quality of an image is too elusive to be captured
by a single criterion, such as fidelity, or even by any existing model of human vision.

Obviously, the merit of the information-theoretic assessment of visual communi-
cation depends on the correlation that exists between the information rate and the
visual quality with which images can be restored. The following § 5 c demonstrates
that this correlation is, in fact, very high. It shows that any loss in information rate,
regardless of where it occurs in the visual communication channel, reduces the best
possible image quality. (However, it should be noted that our assessment accounts
only for perturbations in image gathering, coding, and display, but not for those in
data transmission.)

The plot H(E) confirms quantitatively what the equations for H and £ suggest
directly (see §3c), namely, that the electro-optical design that increases H also de-
creases the associated £. Together, these two effects substantially increase H/E as
long as the quantization noise remains smaller than the aliasing and photodetector
noises. If the quantization noise grows larger, as the result of coarse quantization to
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Table 1. Characteristics of traditional and informationally optimized image gathering and
transmission (u = 1)

image gathering for design p. Kor/op m,bits H,bits & bits H/E
reconstruction 1 0.8 16 8 1.8 7.5 0.24
high information rate 2a 0.4 64 7 3.3 5.6 0.59
3a 0.3 256 8 4.2 5.6 0.75
high information efficiency 2b 0.4 64 5 2.9 3.6 0.81
3b 0.3 256 6 3.4 3.7 0.92

1.0
0.8
0.6

04
v

0.2

0
0.1 1 10 0.1 1 10 0.1 1 10

Figure 14. Information and data transmission versus mean spatial detail u. The designs are
specified in table 1.

gain high data compression, then the selection of the number of quantization levels
leads to a trade-off between H and H/E.

Table 1 summarizes the characteristics of visual communication for three electro-
optical designs of the image-gathering device. Design 1 is the traditional design, and
designs 2 and 3 are informationally optimized designs obtained from the H(E) plot
of figure 13. The 7-bit quantizations for the latter designs favour either a high H or
a high H/E.

(iv) Performance versus mean spatial detail

Figure 14 characterizes H, £ and H/E as functions of the mean spatial detail u.
As p grows coarser than the sampling interval (¢ > 1), both H and & decrease,
but they do so with slightly different slopes so that H/E increases modestly. It
may be noted that the loss in H is much more severe for the coarsely quantized
signals (designs 2b and 3b) than for the more finely quantized signals (designs 2a
and 3a). Conversely, as u grows finer than the sampling interval (u < 1), H decreases
substantially while £ increases modestly. The resultant decrease in H/E obviously
gives rise to a strong motivation for data compression in which only those features
in the scene are encoded for transmission that are large enough to be resolved in the
restored image. This selective encoding process (or irrelevancy reduction) usually
entails some loss of information.

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

///\ \\
P 9

/\
'\

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A\
a\

y 9

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

An information theory of visual communication 2227
encoder decoder
s(x,y;K) - entropy | | s.(xy;¥) | [entropy | + s(x,y;%) -
quantizer encoder > decoder [RE -
s(xy:x) p—— 5(x,y;%)
predictor +1! ! predictor
with delays + ) @ @ 2 with delays

Figure 15. Differential pulse code modulation (DPcM) with entropy coding.

(v) Redundancy reduction

Figure 15 depicts a common redundancy reduction scheme that consists of differ-
ential pulse code modulation (DPcM) with entropy coding (Jain 1989). The ppcwm
encoder first predicts the acquired sample xy based on some previous samples z1,
Zg, ..., Tn, and it then subtracts this prediction from the actual value. The decoder
reverses this process by adding the prediction to the received signal. The entropy
(Huffman) coding, which follows the pPcMm, deals with the efficient assignment of
binary code words. The efficiency is gained by letting the length of the binary code
word for a quantization level be inversely related to its frequency of occurrence.

The nth-order conditional entropy F, of the encoded data is

k—1 k—1
Z Z Z p(zo, X1 ..., Tn)log p(xzo|z1, T2, . .., 2y). (5.3)
zo=0x1=0 Ty =0

The lower bound of E,, (for a Gaussian signal) is £ given by equations (3.5), and the
upper bound of E, is

Z (z0) log (o),
zo=0

where p(zo) is the probability of a sample having the quantized amplitude zo €
(0,1,2,...,k—1). The values p(zg) are usually obtained from the probability distri-
bution (histogram) of the quantized signal. If the probability distribution is uniform
so that all quantization levels are equally likely, then p(z¢) = 1/k and E, = &,,, =1 is
the maximum possible entropy. The conditional entropy F4 uses the past nearest sam-
ple (i.e. z1), and Ej5 uses the past three nearest samples (i.e. 1, 22, and z3). The pre-
diction minimizes the linear mean-square error estimation E{[s(z,y; k) —5(z, y; k)]*}.

Figure 16a characterizes the entropy F3 and its theoretical lower bound £ as func-
tions of the mean spatial detail u, and figure 165 similarly characterizes the ‘decorre-
lation efficiency’ £/ Ej3. The plot of £/E3; demonstrates that the prcm with Huffman
coding can attain ca. 75-100% decorrelation. The actual decorrelation within this
range depends on the statistics of the signal, which, in turn, depends on both the
statistics of the radiance field and the design of the image-gathering device. In gen-
eral, the decorrelation efficiency tends to be high (ca. 90%) when neighbouring pixels
are highly uncorrelated because (a) the mean spatial detail of the radiance field is
finer than the sampling interval (u < 1) and (b) the perturbations in the image-
gathering process due to aliasing and photodetector noise are high. Conversely, the
decorrelation efficiency tends to be low (ca. 65%) when neighbouring pixels are cor-
related because the mean spatial detail is coarse and the perturbations are small.

The ppPcM with entropy coding attains its maximum-realizable compression only
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Figure 16. Data rate (a) and decorrelation efficiency (b) versus the mean spatial detail u. The
data rate is characterized by the entropy E3 for bPCM with Huffman coding and the theoretical
lower bound £. The designs are specified in table 1.

when the statistics of the acquired signal actually correspond to the statistics for
which the mean-square error estimation is minimized. Because the signal statistics
tend to vary from one image to the next, the Rice Machine (Yeh et al. 1991), for
example, uses the following scheme to closely approach the maximum-realizable com-
pression for a wide range of signal statistics. First, it simultaneously processes each
frame, or segment, of the acquired signal with a number of identical encoders, of
which each is tuned to a different signal statistic. Subsequently, it selects the most
compressed (i.e. shortest) signal for transmission.

(¢) Image gathering and reproduction
(i) Transition from reconstruction to restoration

Figure 17 presents images that illustrate the transition from traditional telepho-
tography and television in which the images are produced without digital processing
(i.e. the reconstruction in §2b) to modern visual communication in which the im-
ages are produced with digital processing (e.g. the Wiener restoration in §2c). The
transition is illustrated in the following three steps:

1. Figure 17a characterizes the traditional image gathering (design 1) and recon-
struction. The images are perceptively degraded by blurring, aliasing, and raster
effects. The aliasing and raster effects appear as stair-step distortions of the diagonal
sharp edges for spatial detail that is larger than the sampling interval (u > 1), and
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(a) Traditional image gathering (b) Traditional image gathering (c) Informationally optimized
and reconstruction with restoration image gathering with restoration
Figure 17. Reconstructions and Wiener restorations for two designs of the image-gathering

device, the traditional design (design 1) and an informationally optimized design (design 2a) as
specified in table 1.
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the aliasing appears also as moiré patterns for detail of the resolution wedges that is
finer (u < 1).

2. Figure 17b again characterizes the traditional image gathering (design 1) but
with restoration. The images now are sharper and resolve fine detail with higher
contrast. However, the moiré patterns are also stronger.

3. Figure 17¢ characterizes informationally optimized image gathering (design 2a)
with restoration. These images resolve detail as fine as the sampling lattice without
severe aliasing artifacts. However, this improvement is slightly marred by the emer-
gence of ringing near sharp edges (Gibbs phenomenon) and coloured photodetector
noise.

The last two figures clearly demonstrate that the visual quality with which images
can be restored with the aid of digital processing depends critically on the design of
the image-gathering device. Figures 18 and 19 further characterize salient differences
between the traditional image gathering and reconstruction and the informationally
optimized image gathering with restoration.

The degradations due to aliasing and raster effects are immediately apparent in
the images of the resolution wedges. However, these degradations also exist, but
more subtly, in the images of the random polygons. To illustrate this, figure 20
presents the reconstructed image shown in figure 17a together with its blurred and
aliased components (see equation (2.5c¢)). These images reveal that (a) the blurred
component is substantially sharper than the observed image and (b) the aliased
components are closely correlated with the sharp edges of the polygons. At a first
glance, the aliased components even mimic the appearance of an edge enhanced
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Figure 18. SFRs for traditional image gathering and reconstruction (design 1). (a) Image
gathering, (b) image reconstruction, and (c¢) throughput.
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Figure 19. SrRrs for informationally optimized image gathering with restoration (designs 2a
and 3a). (a) Image gathering, (b) Wiener filter, and (¢) throughput.

image. However, the visual effect of the aliased components, when added to the
blurred component, is that of increased blurring. The reason is simply that the
image representation of the polygons obscures what the magnified representation of
the wedges clearly reveals, namely, that the apparent increase in blurring is actually
due to the (unresolved) stair-step distortions that aliasing and raster effects cause.

(ii) Information rate H and fidelities F and F,

Figure 21 compares H with F and F. as a function of the optical-design index
pe for three SNRs Ko, /o,. F and F, represent the maximum-realizable fidelities,
respectively, with which the radiance field L(z,y) and the radiance-field transitions
L(z,y) x V2G(z,y) can be restored. Whereas F emphasizes structure, shape, and
shading, F, emphasizes sharp edges and fine detail. It may appear, at first glance,
that the design that maximizes F differs from the design that maximizes F.. Yet, a
close comparison of the information and fidelity curves reveals that the design that
maximizes H also maximizes both fidelities 7 and F, when the SNR is sufficiently
high, above ca. 64, and provides an intuitively attractive compromise between F and
F. when the SNR is lower.
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(c) Aliased components

Figure 20. Observed image and its blurred and aliased components for the traditional image
gathering and reconstruction.

Ko, /o
_ P _ _
5 - 1.0 1.0

4 -—- 64 0.8 0.8

16 S —_—

3k 0.6 f1 0.6
H F b F,
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Figure 21. Information rate and maximum-realizable fidelities versus the optical-design index

pc for three SNRs Ko /op. (a) Information rate, (b) fidelity to L(z,y), and (c) fidelity to
L(z,y) * V2G(z,y). The mean spatial detail p = 1.

(i) Information rate H and robustness of image restoration

The radiance-field psp & (v,w) is seldom known a priori. Even if the actual PSD
closely approaches the shape shown in figure 8, the mean u and variance o% often
remain uncertain because they depend not only on the scene but also on the viewing
distance and geometry. Therefore, to optimally restore images, it ordinarily is neces-
sary to rely on estimates of the statistical properties of the captured radiance field.
The tolerance of the restoration to errors in these estimates is commonly referred to
as robustness.

Figure 22 compares H with F of matched and mismatched Wiener restorations
as functions of the optical-design index p. for three SNRs Koy, /o,. The mismatched
restorations use erroneous estimates of u, either 0.1 or 10 instead of 1. The results
show that the design that maximizes H provides the most robust restoration and
that the robustness increases with increasing H. In practice, one cannot go far wrong
simply by assuming that the mean spatial detail is the finest detail that can be
resolved (i.e. p = 1).

(iv) Information rate H,, fidelity F,, and visual quality

Figure 23 characterizes H, and F, of the observed images of the random poly-
gons. It can be seen immediately that H,, unlike F,, is highly sensitive to both the
design of the image-gathering device and the number of distinguishable grey levels
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Figure 22. Information rate H and fidelity JF versus the optical-design index p. for three SNRs
Koy, /op. F is given for the matched and two mismatched Wiener restorations. (a) Ko, /o, = 16,
(b) Kor/op = 64, and (c) Ko /op = 256. The estimate (u) = 1 is correct, whereas the estimates
(1) = 0.1 and 10 are incorrect.

4 — 1.0 —
(@) (b)
0.8+
3 —————— —
- -\
0.6 |- \
H, 2 F, |
___________ sl
1
02+
1
0 I R N NN E B 0 I N N N N B
128 112 96 64 48 32 16 O 128 112 96 64 48 32 16 O
1 1

Figure 23. Quantitative characteristics of the observed image versus number of distinguishable
grey levels ¢. (a) Information rate and (b) maximum-realizable fidelity. The designs are specified
in table 1 and the mean spatial detail p = 1.

¢. The halftone prints (Ulichney 1987) in this paper are limited to ¢ ~ 44. This limit
constrains the highest information rate of these images to H, =~ 3.3 bits. Thus, the
high information rate H of the data transmission for design 3a does not carry over to
the information rate H, of the observed image. In fact, if the image-display medium
were limited to even fewer distinguishable grey levels (e.g. ¢ ~ 10), then design 2
would actually appear to be preferable to design 3.
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Design 2a

(a) Wiener restoration (b) WIGE restoration
Figure 24. Wiener and WIGE restorations for informationally optimized image gathering. The

designs are specified in table 1.

Figure 24 presents images restored with the Wiener filter and interactively with the
WIGE filter for designs 2a and 3a. Both restorations produce images that are sharp
and resolve detail as fine as the sampling lattice. However, the WIGE restorations
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improve visual quality over the Wiener restorations by suppressing aliasing artifacts
and ringing at the cost of a modest loss in sharpness.

In general, these results indicate that the visual quality with which images can
be restored increases with increasing information rate H,, even after the maximum-
realizable fidelity F, has essentially been reached. Thus, if the goal is to restore
images with the best possible visual quality, regardless of the complexity of the digital
processing, then information rate is a more appropriate criterion than fidelity for
assessing the requirements of the visual communication channel. This conclusion was
anticipated by Linfoot (1956, 1958) nearly 40 years ago. It was he who first correlated
Shannon’s measure of the amount of information with the visual quality of optical
(photographic) images in which the perturbations were limited to those caused by
blurring (diffraction and aberrations) and noise. In summarizing his results, Linfoot
observed in his customary elegant style:

An optical system can properly be said to be of high quality only if the amount
of information contained in its image approaches the maximum possible. .., and
it is an agreeable consequence. . . that those which are efficient according to this
criterion also form images which are sharp and clear in the usual sense of the
words. (Linfoot 1956)

If the arithmetical recording of optical images were a standard practice today,
instead of a prospect for the future opened up by the advent of the fast com-
puting machines, we would go on to add that informationally optimized designs
were always to be preferred. (Linfoot 1958)

In visual communication, however, in which image gathering and display are com-
bined with digital transmission, the correlation between information rate and image
quality is complicated by the fact that the communication process is perturbed not
only by blurring and noise but also by sampling. Because of this additional per-
turbation, visual quality depends not only on the information rate that reaches the
observer, but also, for a given information rate (especially if this rate approaches the
maximum that is possible), by the compromise that must be made between enhanc-
ing sharpness and suppressing visually annoying defects due to aliasing and ringing.
Therefore, to arrive at a suitable trade-off between performance and requirement in
the design of a visual communication channel, it remains necessary to relate quanti-
tative and qualitative assessments to each other. This need obviously carries over to
data compression in which some information is lost. Although any loss of information
will impair the visual quality with which images can be restored, the degree of this
impairment can be ascertained only by qualitative assessments.

(d) Multiresolution decomposition

Figure 25 presents images of the resolution wedges restored with the Wiener-matrix
filter from data produced by an image-gathering system that combines design 3 with
four analysis filters. The filters are a set of shifted Gaussian SFRs that are linear on

a log scale, as given by
_ 2
ho(vw) =emp|- (22 |

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/

THE ROYAL A
SOCIETY /3%

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

An information theory of visual communication 2235
p=1 2 3

©)B=3 S d)B=4

Figure 25. Wiener-matrix restorations for design 3 with single-level transformation. The four
analysis filters and requantization map produce Hz = 3.8 bits at £ = 5.1 bits. (The resolution
wedges are coarser than elsewhere.)

for B = 2, 3, 4 together with the low-pass filter

2
pP— P
— 2 ,
7~;al(v,("‘}): exp[ ( Apl > :|, P P

]-) nggpla

where pg = 277 1p, is the centre frequency and Apz = 2°71Ap; is the width of the
Bth filter. Figure 26 illustrates the corresponding image gathering and throughput
sFRs for p; = 0.06 and Ap; = 0.02. This signal analysis may be interpreted either
as a single-level decomposition (Z = 1) with four bands (B = 4), as marked in
figures 25 and 26, or as a three-level decomposition (Z = 3) in which (see figure 7)
(¢B) = (3,1), (3,2), (2,2), and (1,2) in order of the increasing resolution with which
the images are restored. Either way, this example illustrates that the location of the
filters is, for best performance, closely linked with the electro-optical design of the
image-gathering device (i.e. the trade-off between blurring and aliasing as a function
of the SNR).

The associated requantization map may be developed in several different ways.
Using the trade-off between preserving H and reducing &£ as the general objective,
we developed a map that produces Hp = 3.8 bits at £g = 5.1 bits for random
polygons with ;1 = 1. Hence, compared with design 3a (table 1), there is a small loss
in the information rate together with a small reduction in the theoretical minimum
data rate, which yields again an information efficiency H/E = 0.75.

The resolution wedges in figure 25 are expanded in scale by a factor of two in
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Figure 26. SFRrs for multiresolution image gathering and restoration for design 3 with Gaussian
analysis filters. (

Figure 27. Final Wiener-matrix restorations for the multiresolution image gathering and
restoration characterized in figures 25 and 26.

order to illustrate the improvement that is gained in resolution with the addition of
increasingly higher spatial frequency bands. Figure 27 presents images of the final
restoration at the same scale as that shown in figure 24 for easy comparison. As can
be seen, the decomposition together with the loss in information rate allowed for the
requantization causes a small but perceptible loss in sharpness and clarity compared
with the restored images in figure 24a for design 3a. However, the visual quality
remains substantially superior to that for the traditional image gathering, either
with reconstruction or restoration, as shown in figures 17a and 17b, respectively.

As these results show, the proper integration of signal analysis and synthesis with
image gathering and restoration is a prerequisite for producing sharp and clear pic-
tures of fine detail. This integration does not preclude, of course, the need for adap-
tive requantization to particular scene statistics and features to obtain high data
compression. However, the problem of optimizing analysis filters and requantization
maps is not quantitatively addressed in this paper.

6. Conclusions

In extending information theory to the assessment of visual communication, this
paper united two disciplines, the electro-optical design of image gathering and display
devices and the digital processing for image coding and restoration. The mathemat-
ical development led to six intuitively attractive figures of merit for assessing visual
communication as a function of its critical limiting factors. Two basic problems were
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dealt with that previous assessments of visual communication have not addressed.
One problem is that the limitations inherent in the realizability of the spatial fre-
quency response of optical apertures and the sampling passband of photodetection
mechanisms require a trade-off between blurring and aliasing. This precludes the
maximum-realizable information rate H,, that the image-gathering system can pro-
duce from closely approaching Shannon’s channel capacity C for a bandwidth-limited
system. The other problem is that the image-gathering process bars the encoder from
unperturbed access to the scene. This precludes the theoretical minimum data rate
£ from approaching its lower bound, the information rate H, unless H is allowed to
be substantially reduced by coarse quantization.

Another problem, which is intrinsic to any quantitative assessment of visual com-
munication, is that of measuring image quality. The best visual quality with which
an image can be restored is inevitably limited by a trade-off among blurring, alias-
ing, and ringing. It is not possible, regardless of the complexity of digital processing,
to maximize sharpness without either aliasing or ringing artifacts. The perceptually
preferred trade-off varies with target and application. For example, in medical di-
agnosis and military or planetary reconnaissance, sharpness is often enhanced until
artifacts and noise begin to interfere with the interpretation; whereas in entertain-
ment, visually annoying defects are usually suppressed even at the cost of some loss
of sharpness. Therefore, the visual quality that can be attained is too elusive to be
measured by a single criterion. Instead, our assessment focused on the correlation be-
tween information rate and the restorability of images. To do so, we used the WIGE
filter which combines the Wiener filter with an interactive enhancement function
that permits the user to control the trade-off among maximum-realizable fidelity,
sharpness, and clarity (i.e. absence of visually annoying defects).

Quantitative and qualitative assessments show that:

1. The information rate H that the image-gathering device can produce reaches
its maximum-realizable value H,, when both (a) the relationship between the sFr
and the sampling passband (i.e. the trade-off between blurring and aliasing) is in-
formationally optimized for the available SNR and (b) the sampling passband of the
image-gathering device best matches the radiance-field spectrum. For natural scenes
this match occurs when the sampling interval is near the mean spatial detail in the
scene. The constraints of the image-gathering process limit the maximum-realizable
information rate H,, to approximately one-half of Shannon’s channel capacity for a
bandwidth-limited system with an average power limitation.

2. The image-gathering device that is designed to produce the maximum-realizable
information rate H,, ordinarily maximizes (a) the efficiency of the information trans-
mission (i.e. the ratio of the information rate H to the theoretical minimum data rate
), (b) the quality of the image restoration (i.e. the restorability of images for fidelity,
resolution, sharpness, and clarity), and (c) the robustness of the image restoration
(i.e. the tolerance of the restoration to errors in estimates of the radiance-field statis-
tics). This critical dependence of the efficiency, quality, and robustness of visual
communication on the design of the image-gathering device is largely independent
of the statistical properties of random scenes.

3. Informationally optimized designs of the image-gathering device differ substan-
tially from the traditional design (table 1). Typically, for the traditional design, the
information rate and efficiency are limited to H,, =~ 1.8 bits and H,,/E =~ 0.24;
whereas for informationally optimized designs, they may reach H,, ~ 4.2 bits and
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H./E = 0.75. The higher information rates permit images to be restored with sub-
stantially sharper and clearer detail.

4. The decorrelation attained with redundancy reduction algorithms depends on
the statistics of the radiance field and the design of the image-gathering device. For
the conditions that are often encountered, the common bpcM with entropy (Huffman)
coding can attain ca. 75-100% decorrelation.

5. Visual communication with multiresolution decomposition can approach the
best possible performance only if both (a) the signal analysis filters are integrated
with the design of the image-gathering device to maximize the information rate and
efficiency and (b) the signal synthesis filters are integrated with the image-restoration
algorithm to maximize the fidelity and visual quality of the restored image.

6. No loss of information (either in image gathering, coding, transmission, or dis-
play) is entirely irrelevant in the sense that it does not impair the visual quality
with which images can be restored. However, the degree of this impairment may be
difficult to ascertain because the perceived quality of the image is too elusive to be
captured by a figure of merit or even by any existing model of human vision.

The emphasis of these assessments were on characterizing practical upper bounds
on the information rate and efficiency of image gathering and transmission and on
the associated fidelity and visual quality of image restoration. We did not assess the
constraints that the blurring and raster effects of image reconstruction often impose
on the realizable image quality. However, Fales et al. (1996) fully account for these
constraints, and Appendix D includes them into the formulations of information rate
and fidelity to pave the way for such further assessments.

For example, in the evolution of commerical television to (digital) high-definition
television (HDTV), the frame rates of transmission and display will be separated
from each other and a buffer will be added to the receiver to decode and process the
received signal. This event will open up the opportunity to digitally interpolate and
enhance the observed image. When this occurs, then the potential that HDTV offers
for improving image quality can be fully realized, for producing the best possible
picture, only if the traditional electro-optical design of the image-gathering system
(for image reconstruction without the aid of digital processing) is changed to an
informationally optimized design. As the results in this paper have shown, this design
will not only improve the visual quality with which images can be restored, but it
will also improve the efficiency with which encoded information can be transmitted.

Appendix A. Electro-optical design

The electro-optical design of image-gathering devices ordinarily revolves around
two interdependent trade-offs. One trade-off, in terms of geometrical optics (see fig-
ure 28), deals with instantaneous field of view (1Fov) versus SNR as controlled largely
by the aperture size and the focal length of the objective lens together with the aper-
ture size and the responsivity of the photodetection mechanism (Boyd 1983). Addi-
tional factors that may enter into this trade-off are field of view, depth of field, and
exposure time. The 1Fov and associated sampling lattice that evolve from this trade-
off establish the angular resolution, or spatial scale, of the visual communication
channel. The other trade-off, in terms of physical optics, deals with the relationship
between the sFR of the optical (objective lens and photodetector) apertures and the
sampling passband of the photodetection mechanism as a function of the SNR. The
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photodetector
picture objective array
element lens v

Y

Figure 28. Optical configuration of the image-gathering device with a photodetector array.

Table 2. Electro-optical design parameters

parameter symbol unit

lens aperture diameter D m

lens focal length f m
photodetector aperture width y m
photodetector aperture distance from lens Ly m
steady-state gain K A
wavelength A pm
photodetector responsivity r(A) AW™?!
spectral radiance L) WmZsr™! pm™!

design that evolves from this trade-off (as analysed in this paper) establishes the
upper bounds on the information rate and efficiency of the visual communication
channel at the spatial scale fixed by the sampling lattice.

The steady-state gain K in the model of image gathering given by equations (2.1)
can be expressed in terms of the geometrical design by (Boyd 1983)

o wky? [
K=k02 [ LOr(\)dr~ LOOr(Y) d,
0 4F2

where k is the optical transmittance, © = wD?/4 is the area of the objective lens
aperture, 2 = (v/£,)* = (v/f)? steradian (sr) is the solid angle of the 1Fov, and
F = f/D is the lens f-number. Other design parameters are identified in figure 28
and specified in table 2. Fales et al. (1984) and Huck et al. (1995) assessed the
design of image-gathering devices in terms of these parameters as well as of lens
diffraction and transmittance shading, defocus blur, line-scan and photodetector-
array mechanisms, square and hexagonal sampling lattices, and image-plane (charge-
domain) lateral inhibition.

Appendix B. Insufficient sampling

This appendix examines the statistical properties of insufficiently sampled signals
to delineate their proper treatment in the information-theoretic assessment of the
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Figure 29. Representation of the insufficiently sampled signal in terms of a finite number of
discrete samples. (a) The function s(x) sampled at unit intervals within the window W (z) and
(b) the DFT of s(z).

image-gathering process. For brevity, we present the analysis for a one-dimensional
signal, let the gain constant K = 1, and omit the photodetector and quantization
noises. Hence, equations (2.1) for the sampled signal s(z) simplify to

s(z) = [L(z)  7(2)] |[| (),

o 3(v) = [L(v) 7)) * [[[(v) = L)7(0) + [L0)7(0)] * |[]s(v),

where |||(v) = 8(v) + |||s(v). In the next two paragraphs, we manipulate these two
equations into a finite dimensional framework, and in the remainder of this appendix,
we use this framework to examine the statistical properties of the sampled signal.

First, we represent the signal s(x) by the finite set of discrete signals s(m) at loca-
tions —3(M —1),...,-1,0,1,... %(M— 1), where M is an odd integer (see figure 29).
Therefore,

(M=1)/2
EI(U) — Z S(m)e—i%rmu’
m=—(M-1)/2
where the prime on §(v) indicates the finite set obtained by letting s(m) = 0 for
|m| > 1(M —1). Moreover, we choose the finite set of spatial frequencies v = k/M,
where k = —3(M —1),...,-1,0,1,... 3(M — 1). Therefore,
(M=1)/2
§(k)y=5§k/M)= Z s(m)ei2mmk/M

m=—(M-1)/2

The corresponding inverse DFT is

L Men
s(m) — Z §/(k)ei27"mk/M,
M k=—(M-1)/2

Thus this initial manipulation replaces s(z) and §(v) by s(m) and §'(k), respectively,
for a finite set of discrete signals s(m) and a finite set of spatial frequencies k. A
simple interpolation of the discrete set of amplitudes provides all other frequencies
for a continuous spatial frequency representation.

Second, we substitute the inverse DFT

s(m) = /_ " e do

1/2
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into the above expression for §'(k) and let u = v — k/M. Therefore,

1/2 (M-1)/2
§(k) = / 5(v) Z e2™m dy.
—1/2 m=—(M-1)/2

Through Fourier manipulations involving the window function W (x) depicted in
figure 29a, it can be shown that

§(k) = /: §(U)W(’U - 'J\kZ) dv,

W (v) = Msinc M.

For large M, W(v — k/m) possesses a strong peak at and is highly localized near
v=k/m, and for M approaching infinity, W (v — k/m) becomes the impulse function
at v =k/m, ie.

where

A}im Msinc Mv = §(v).

Thus the difference between (k) and §(k/m) is merely that the amplitudes of the
frequency components of § (k) are slightly blurred.

Now we proceed with searching for the statistical properties of the set of M vari-
ables §'(k). Because the radiance field is Gaussian and all the transformations in
the image-gathering process are linear, the signal components §'(k) are also Gaus-
sian by nature of the linear transformation between §'(k) and s(m). Therefore, to
determine the statistical properties of §(k), we need to examine only the covariance

E {3 (k)3 (k')} given by

B{5 (k)5 ()} = /7E{§(U)§*(U')}M25incM<v _ %)SinCM(’Ul - %) dvdu.

(B1)
Toward this end, for the statistical properties of the spatially unbounded radiance
field, we first note the well-known result that the Fourier amplitudes, L(v), are
uncorrelated for distinct frequencies, i.e.

E{L(v)L*(v")} = &(v)6(v — ).

It follows, then, almost immediately from the introductory relations defining 3(v)
that the Fourier amplitudes of the sampled signal exhibit the correlation property

E{3(v)§*(v")} = &4(v) Zé v—v —

where the Psp @,(v) of the sampled signal is given by

~

&, (v) = [S1(v) |7 ()] * [ll(v).

Therefore,

E{3 (k)3 (K)} = / 3, (v)A(v; k, K') dv,

— 00
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where
. A2 K . K
Ak k) =M smcM(v — —) Em smcM(v - — —m).

For large M, A(v;k,k’) exhibits strong peaks under the conditions v — k'/M =
v—k/M—-m=0o0rv=k/M and (k—k')/M = m. But because |k| < (M —1)/2,
only the m = 0 term contributes measurably. This leaves the integral property

/ A(U;k, kl) dv = M(Skk/‘

Assuming the PSD &,(v) possesses satisfactory smoothness properties relative to
A(v;k, k"), we can finally conclude that for sufficiently large M the (finite set of)
sampled signal Fourier amplitudes are uncorrelated, i.e.

E{3(k)3™(k")} = &, (v) M.

Thus we have established the conditions that allow us to write the equality
-k k
~ _ ~ _ IR A~ _
§'(k) =38(k/M) = Em L(M m)T(M m)

in which the individual components of §(k) are uncorrelated. For example, because of
the restriction |k| < (M —1)/2, the condition k/M —m = k' /M —m/ can be satisfied
only when (k,m) = (k’,m’). This result establishes the basic premise by which the
aliased signal components, which before sampling were a meaningful part of the input
signal, are relegated to the status of noise in tandem with the photodetector noise.

Appendix C. Quantization

This appendix examines the relationship between the information rate through
the analogue-to-digital transformation and the entropy of the digital output signal.
We begin the discussion of this relationship with a general model of the quantization
process and then continue with the assumed statistical model of this process given
in §2a. To distinguish between the general (or exact) model of quantization and
its statistical approximation, we denote the digital output signal as s,(z,y) for the
former and, consistent with the notation elsewhere, as s(z,y; k) for the latter.

Using a one-dimensional signal for brevity, the mutual information H, between
the analogue input signal s(z) and the digital output signal sq(z) is

Hq = E[sq(@)] — E[sq(@) ()],

where E[sq(x)] is the entropy of sq(z) and &[sq(z)|s(x)] is the conditional entropy
that represents the uncertainty about s,(z) when s(z) is known. To give explicit ex-
pressions for these entropies, we first define the input and output signals as vectors in
an image frame of N pixels. In particular, we let the vector 5 represent the analogue
input signal 5 = (...,s(n),s(n +1),...), and 3, represent the digital output signal
8q = (-..,8q(n),8q(n +1),...) with the quantized levels 5(j) = (..., 8;,,8j,1»-- )
where the vector j = (..., jn, jn+1,. - .) represents the frame of quantization integers.
Moreover, we let s; and s [s; < s(n) < s; ] represent the range of analogue am-
plitudes to be quantlzed as level 85, (for the nth pixel). When this range of analogue
amplitudes is arranged as the vectors §7(j) and 5 (), then this arrangement defines
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a frame space with elemental quantization cells associated with the vector 5(j) that
is represented by the conditional probability

g J 1, () <5< 5
Psqls[S(])|3] = {0, elsew(ljl()ére. v

With these definitions, the entropy €[s,(z)] of the digital output signal is explicitly
given by

Elsq(x)] = ——ZP [5()] log Py, [3()],

where & is the number of quantlzatlon levels. Using the defining relation,

Pssq [57 gq] = Ps[g]PSq|3[§q|§]’

the probability P, [5(j)] in the above summation can be expressed as

= [ @ Rp, G,

where dVs is the differential volume element of the analogue pixel frame amplitudes.

Assuming that 5;_1 = s;., the integration over the entire analogue amplitude space
can be partitioned into the set of all quantization cells as
B §+( K—1
N R T CTRCITES S IO
() 3

(k#y)

The conditional probability is unity in the first integral, and it vanishes in the second
integral. Therefore, as expected,
_ st(j) N
P, [5(7)] = / 4% P,
57()
Similarly, the conditional entropy £[sq(z)|s(x)] is explicitly given by

1 30 k—1

Elsq(@)ls(2)] = —% st ZPS[E]PSQ|S[§(3)I§] log P[5(j)3]

:_%{i/w +Z/+<k> }

7,k=0
(G#k)

X Py[8] Ps 15 [5(7)15] log Py, s[5(5)]3]-
The conditional probability Py, s[5(j)]3] leads to (1 )log(l) 0 in the first inte-

gral and to (0)log(0) = 0 (in the sense of a limit) in the second integral. Hence,
E[sq(z)|s(x)] vanishes, and

Hq = E[sq(z)].
This pivotal result states that the entropy £[sq(z)] of the digital output signal sq()
is precisely given by the information rate H, through the analogue-to-digital trans-
formation or, equivalently, by the mutual information between the analogue input
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and digital output signals. This result is intuitively acceptable when one considers
that the uncertainty about sq(z) vanishes when s(z) is known because the path from
analogue to digital is deterministic. This does not hold for the reverse from digital
to analogue.

It is reasonable to assume that the conclusion about the equivalence of the in-
formation rate through the analogue-to-digital transformation and the entropy of
the digital output signal carries over to the approximate statistical model of the
quantization process that §2a presents. Accordingly, we use the entropy symbol &
to denote the mutual information between the analogue input signal s(z) and the
digital output signal s(z; k), as defined by

& =Els(z;r)] — E[s(z; k)|s(z)].

The digital signal s(z;k) can be decomposed as the sum of the analogue signal
s(z) (or 5 in the general model) and a correction signal ny(z; k) (or 7i), so that
s(z;k) = s(z) + ng(z; k) (or 5q = 5+ 7q). The correction signal 7, did not appear
explicitly in the general model of quantization since 5 uniquely determines 5. Hence,
Ny simply becomes the deterministic signal that is required, when added to 3, to
give the already known digital signal 5,. In the statistical model, nq(z; ) is an
additive random process that is statistically independent of the analogue input signal
s(x) and forces a continuous characteristic on the output signal s(z; ). Therefore,
the conditional entropy £[s(z;k)|s(z)] no longer vanishes but, instead, becomes the
entropy &[nq(z; k)] of the quantization noise nq(x; k). Correspondingly, the entropy
E[s(z; k)] of the approximate output signal s(z; k) ceases to be equal to the entropy
E£[34] of the discrete output signal 5,. The entropies €[s(z; )] and &[nq(z; k)] of the
approximate signal and noise take on a physical meaning only as the difference

€ = Els(a; 1)) - Elng(e; K

that §3b uses to develop quantitative expressions for £.

The equivalence between the information rate through the analogue-to-digital
transformation and the entropy of the digital output signal is further supported
by the following consideration. As above, we let N be the number of pixels in an
image frame. Now, however, we model the amplitude of each pixel of the analogue
input signal s(z) as a quantized version. Here, the number of quantization levels k,
is arbitrarily large to closely represent the analogue signal, but it remains finite for
counting purposes so that M[s(z)] < Y represents the number of distinguishable
images (messages) that s(z) contains. Hence, the entropy of s(z) is

Els(z)] = %log M|[s(z)] < %log kY = log Ka.

Now, let M[s(x)|sq(z)] be the number of images that the analogue-to-digital trans-
formation (channel noise) causes to be erroneous. Then the entropy of the analogue
input signal s(z) given the digital output signal s,(z) is

1
Els(@)lsq(@)] = 57 log M[s(z)|sq(w)],
and the corresponding information rate is

Hq = E[s(2)] = E[s(z)lsq(z)]

= log Mis(z)] — < log Mls(@)lsq(z)] = - log My(s(z)],

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

\

\

%A

A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
JA
) ¥

A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

An information theory of visual communication 2245

image gathering image restoration

. . ( . o | observed
field | . | ~ | imege

Figure 30. General model of image gathering and restoration.

where

M{s(x)]

My5(2)] = ————.

AT FE PN )
This definition of Mg[s(z)] may be interpreted as the number of distinguishable im-
ages that the digital output signal s(z; x) contains. Hence, H, is the ordinary well-
defined entropy that characterizes the set of M,[s(z)] images. Note that as k, — oo,
the upper bound of the entropy &[s(z)] of the analogue input signal increases with-
out limit (which is an intrinsic characteristic of the entropy of continuous signals).
However, the information rate H, of the digital output signal remains finite.

Finally, let £ = M,[s(x)] be the set of equal length code words to represent the
M, [s(x)] distinguishable images. Then H, becomes

1
Hq = N—log kY = log K.

For the simplifying assumption in §2a that the analogue-to-digital transformation
consists of a signal s(z) and additive, independent noise nq(z), both of which are
white, band-limited, and Gaussian with variances o2 and o2, respectively, H, is

My = Hlog(1 +02/o).
Equating these last two expressions for H yields the relationship
ke = (1+02/02) 2 ~oy/0q.

This result suggests that x. has the physical equivalence of uniformly quantizing the
analogue signal amplitude (~ o) into intervals of width of the quantization noise

(~0q)

Appendix D. Image restoration without interpolation

Figure 30 depicts a model of image gathering and restoration without the digital
interpolation assumed throughout the paper. The image-restoration process now
transforms the digital signal s(z,y; ) into the observed image R,(z, y; ), as defined
by the expressions

Ro(x,y;6) = K~ 's(x,y;6) * (2, y; k) * (2, y) + Ne(z, 9),
Ro(v,w; k) = K 15(v,w; k) U (v, w; k)% (v, w) + Ny (v, w),

where s(z, y; x) and §(v, w; k) are given by equations (2.1a) and (2.1b), respectively.
The corresponding discrete Wiener filter ¥ (v,w; ) is (Fales et al. 1996)

¥ (v,w; k)
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the throughput SFR I'(v,w; k) is

and the minimum MSRE €? is
o0
2 22 ,
€2 = //eo(v,w,n)dvdw,
—00

E(v,wi k) = O (v,w)[1 — I'(v,w; K)] + b,(v,w).
The corresponding information rate H, and maximum-realizable fidelity F, of the
observed image are given as follows. The information rate is

’H0=%//log
B

where

@, (v, w)|7 (v, w)|?

14 = . -
P (v,w)|T(V,w)|? * |[|s + K2 Dy (v, w; k)

] dvdw,

where

¢1’1(an; K;) = éI>(U7("')) + é(I(va; K‘) +

~ -1
|W(U,w;lﬁ])|72r(’l),w)|2 % IAI
K2, (v,w) =

This expression reduces to equation (3.9a) in the limits
U (v, w; k)7 (v,w) — ¥ (v,w; K)

and

A~

{4 U (v,w; m)f (v, W) M T ww)

. (v, w) - ¥ (v, w; k)2
for which it is evident that the effects of the small response of ¥(v,w; k) beyond the
sampling passband are neglected. And the maximum-realizable fidelity is

Fo=0;2 //[@L(U,w)f(v,w;m) — &,(v,w)] dvdw.
In the limit ¥(v,w; k)7 (v,w) — ¥(v,w; k),

Fy=o07"° //{Q%L(v,w)[l - Q_ﬁ(“’”;”)] — &.(v,w)} dvdw,

—0o0

where ﬂ(v, w; k) is the spectral information density given by the integrand of equa-
tion (3.2 f) for H.
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igure 17. Reconstructions and Wiener restorations for two designs of the image-gathering
rvice, the traditional design (design 1) and an informationally optimized design (design 2a) as
ecified in table 1.
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gure 20. Observed image and its blurred and aliased components for the traditional image
gathering and reconstruction.
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gure 24. Wiener and WIGE restorations for informationally optimized image gathering. The
designs are specified in table 1.
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igure 25. Wiener-matrix restorations for design 3 with single-level transformation. The four

nalysis filters and requantization map produce Hi = 3.8 bits at £g = 5.1 bits. (The resolution
edges are coarser than elsewhere.)
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restoration characterized in figures 25 and 26.
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